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ABSTRACT
In this study, the physics of sheath formation in a collisional two-electron temperature plasma in the presence of an oblique external magnetic
field has been investigated. At first, a comparative study among the fluid electron model, Boltzmann electron model, and the non-extensive
electron model has been carried out and a suitable range of non-extensive parameter q has been predicted. In the latter part, a collisional
two-electron temperature plasma is considered. Both the hot and cold electron densities are described using the non-extensive distribution,
whereas cold ions are described by the fluid equations. The properties of the sheath are investigated in different collisional regimes by varying
the non-extensive parameter (q) and the hot to cold electron densities and temperatures. The magnetic field inclination angle is varied in
the limit 1○ ≤ α ≤ 5○. It is observed that electron distribution significantly deviates from Boltzmann distribution for nearly parallel magnetic
field. Moreover, collision enhanced flux deposition for highly magnetized case is a significant finding of the study. The results obtained in this
study can enhance the understanding of plasma–matter interaction processes where multiple electron groups with near parallel magnetic field
are found.
© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0128420

I. INTRODUCTION

The non-neutral region present in the plasma–wall interface is
known as the plasma sheath, which determines the plasma surface
interaction processes. Due to the non-neutral nature of the region,
there exists a strong electric field, which controls the ion flux to the
wall. Therefore, sheath study continues to draw reasonable atten-
tion of the plasma processing industry as well as the fusion research
community for many decades.1 The behavior of this space charge
dominated region depends on the ambient plasma properties. In a
collisionless unmagnetized plasma, the ion dynamics are controlled
by the local electric field and the well-known Bohm criterion is ful-
filled at the sheath entrance.2 However, in collisional plasma, the
Bohm criterion does not have to necessarily be fulfilled and ions
may enter into the sheath with a subsonic speed.3 Furthermore, in
the presence of an oblique magnetic field, the structure of the sheath

utterly changes, and accordingly, the Bohm criterion is also general-
ized.4 The problem becomes even more complicated and interesting
in multi-component plasmas. In plasmas with two species of posi-
tive ions, the electrostatic sheath potential is considerably affected
by the heavier ion species in the presence of ion-neutral collision.5
In collisional low-temperature plasmas, the electrons have a much
higher temperature in comparison to the ions. More often, non-
equilibrium stationary states of electron distribution are observed
in laboratory plasmas.6–9 In such cases, the total electron density can
be divided into two components, viz., hot and cold electrons. Such
plasmas are termed two-electron temperature plasmas. Recent stud-
ies have shown that the presence of an energetic electron group has
a predominant effect on the plasma dynamics.10–13 In these stud-
ies, it is assumed that Boltzmann–Gibbs (BG) statistics is valid for
such systems and hence the electrons are described using the Boltz-
mann distribution. However, the electron velocity distribution may
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readily deviate from the Boltzmann distribution in astrophysical as
well as laboratory plasmas. In the magnetospheres of the earth and
the Saturn, the electron velocity distribution is found to be well
described by the kappa distribution.14,15 Moreover, many exper-
imental studies have reported the occurrence of non-Maxwellian
electron distribution in various laboratory conditions.16–20 Hence,
Maxwellian assumption does not always hold good at some of the
situations.

It is well known that BG statistics is valid for macroscopic
equilibrium states and suitable for describing short-range particle
interactions. However, long-range interactions are quite common in
plasmas. Therefore, the Boltzmann distribution cannot adequately
describe all the plasma dynamics. In the recent past, a new general-
ized statistical description has been put forward by Tsallis, known
as Tsallis distribution or non-extensive distribution.21 It is found
that this distribution is capable of describing the systems that devi-
ate from the regular Maxwell–Boltzmann distribution. Since, in the
presence of energetic electrons and external magnetic fields, the elec-
trons no longer remain Boltzmann distributed,22,23 therefore, this
new generalized distribution might be more suitable in this regard.
Many potential researchers have carried out dynamical studies con-
sidering non-extensive electron distribution.24–27 Borgohain et al.28

have carried out a detailed parametric study of two-electron tem-
perature plasma sheath with non-extensive electrons and derived a
modified sheath criterion incorporating the effect of non-extensive
electrons. They have also shown that ion velocity at the sheath
edge decreases with increasing ion-neutral collision.29 Safa et al.30

have studied a magnetized plasma sheath with non-extensive elec-
trons and showed that the modified Bohm velocity decreases with
an increase in the non-extensive parameter q. Moulick et al.31

extensively studied the combined effect of collision and non-
extensive parameter q emphasizing on the space charge deposition
near a wall.

Such theoretical investigations have firmly proved that the q
parameter plays a vital role in determining the ion dynamics inside
the sheath. In these studies, the q parameter has been varied in the
ranges −1 < q < 1 and q > 1. However, are these models valid for all
the allowed values of q? In other words, what is the most suitable
value of q for a specific plasma condition? A review of the litera-
ture reveals that theoretical/numerical investigations are silent on
this particular issue. However, experimental studies have been able
to predict the value of q in different circumstances.32,33 Qiu et al.
have initiated a measurement of the non-extensive parameter in lab-
oratory plasmas proposing a non-extensive single electric probe.34

They have modified the probe current expressions based on the non-
extensive distribution function and experimentally predicted a value
of q = 0.775 for a low-temperature unmagnetized plasma. Therefore,
it is understood from their study that any admissible value of q can-
not be used for a selective plasma model. It will be tactical to predict
the value of q for a given plasma condition, and such an attempt has
been made in the present study.

In the first place, a comparative study between a two-fluid
model and a single fluid model considering the non-extensive dis-
tribution for electrons has been carried out. In the two-fluid model,
the effect of electron-neutral collision and magnetic field on the elec-
trons have been taken into consideration along with the pressure
gradient force and the sheath electric field. Since, like particle col-
lisions do not contribute to total momentum change, hence only

electron-neutral collision has been considered here. The parameter
q has been used as an adjustment parameter in the study to draw a
comparison between the models. Comparing the results of these two
models, a suitable range of q has been determined. Now, the effect
of an additional electron group having energy higher than the pri-
mary electron group has been investigated. A single fluid approach
has been adopted, and both the electron groups are described by the
non-extensive distribution, where the previously determined range
of the non-extensive parameter q is employed.

II. THEORETICAL MODEL
A collisional magnetized plasma is considered near a wall. The

constant and uniform magnetic field is inclined to the wall in the
x–z plane making an angle α with the x-axis as shown in Fig. 1.
The fluid approach is adopted to solve the problem in hand. The
continuity and momentum equations for ions are given as

d(niviz)

dz
= Zne, (1)

nimiviz
dvi

dz
= nieE + nie(vi × B) − νiminivi, (2)

where ni is the ion density, ne is the electron density, Z is the
ionization frequency, and νi is the ion-neutral collision frequency.
E = − dϕ

dz k̂ is the electric field, ϕ is the electric potential, mi is the ion
mass, and vi = vix î + viy ĵ + viz k̂ is the ion fluid velocity.

The electrons are first described by the fluid equations with-
out neglecting the inertia term. The corresponding continuity and
momentum equations for the electrons are

d(nevez)

dz
= Zne, (3)

nemevez
dve

dz
= −neeE − nee(ve × B) − νemeneve −

dpe

dz
k̂, (4)

where me is the mass of electron, νe is the electron-neutral col-
lision frequency, Te is the electron temperature, thermal pressure

FIG. 1. Schematic diagram of the model.
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pe = neTe, and ve = vex î + vey ĵ + vez k̂ is the electron fluid velocity.
The Boltzmann constant kB is taken inside Te throughout the paper.
These four equations are closed by the Poisson’s equation

d2ϕ
dz2 = −

e
ε0
(ni − ne), (5)

where ε0 is the permittivity of free space. These five equations have
constituted the two fluid model (M1). Results of this model is com-
pared with another model where electron density is described by the
non-extensive distribution as

ne = ne0(1 + (q − 1)
eϕ
Te
)

q+1
2(q−1)

, (6)

where q is the non-extensive parameter. Equations (1), (2), (5), and
(6) constitute the single fluid model with non-extensive electron
distribution (M2).

The following dimensionless quantities are used to normalize
the above set of equations:

ξ =
z

λni
, ui =

vix

cs
, vi =

viy

cs
, wi =

viz

cs
,

ue =
vex

cs
, ve =

vey

cs
, we =

vez

cs
,

λni =
cs

Z
, Nj =

nj

ni0
, η = −

eϕ
Te

, μ =
mi

me
,

γik =
λni

cs
ωik, γek =

λni

cs
ωek, Kj =

λni

cs
νj, a0 =

λDi

λni
.

Here, λDi is the ion Debye length, λni is the ionization length,
cs =
√

Te/mi is the ion sound speed, and ωik and ωek are ion and
electron gyro-frequency (j = i, e and k = x, z).

The normalized forms of Eqs. (1)–(6) are read as

dNi

dξ
= −

Ni

w2
i
(

dη
dξ
) + γixNi(

vi

w2
i
) + Ki(

Ni

wi
) + (

Ne

wi
), (7)

dui

dξ
= γiz(

vi

wi
) − Ki(

ui

wi
), (8)

dvi

dξ
= γix − γiz(

ui

wi
) − Ki(

vi

wi
), (9)

dwi

dξ
=

1
wi
(

dη
dξ
) − γix(

vi

wi
) − Ki, (10)

dNe

dξ
= (

w2
e

w2
e − μ

)(
Ne

we
+

μNe

w2
e
(

dη
dξ
) + γex

Neve

w2
e
), (11)

due

dξ
= −γez(

ve

we
) − Ke(

ue

we
), (12)

dve

dξ
= −γex + γez(

ue

we
) − Ke(

ve

we
), (13)

dwe

dξ
= (

w2
e

w2
e − μ

)(−
μ

we
(

dη
dξ
) + γex(

ve

we
) − Ke +

μ
w2

e
), (14)

d2η
dξ2 =

1
a2

0
(Ni −Ne), (15)

Ne = (1 − (q − 1)η)
q+1

2(q−1) . (16)

The parameters K i and Ke appeared in the normalized equa-
tions are the ratio of ion-neutral collision frequency to ionization
frequency and electron-neutral collision frequency to ionization
frequency, respectively. These two parameters can be treated as mea-
sures of plasma collisionality. Here, to model plasma collisionality,
the constant collision frequency model has been adopted.35,36

III. NUMERICAL EXECUTION
The point ξ = 0 is considered as the presheath boundary from

where the numerical integration is started. The normalized bulk ion
(electron) density is used as initial ion (electron) density. The initial
value of species velocities and plasma potential are estimated near
this boundary by employing the Taylor series solution method. The
following series are used for this purpose:37

vk =∑
s

vksξ
2n+1,

η =∑
s

ηsξ2n.

The mentioned series are used in the governing equations and
the first order Taylor co-efficients obtained after series expansion
are treated as initial values. The standard Matlab routine ODE45 has
been employed to solve the described set of equations. The follow-
ing default parameters are used keeping the view that results of this
study might find applications in low pressure gas discharges:

ni0 = 1016 m−3, Te = 2.0 eV , Ti = 0.026 eV , Z = 105 s−1.

IV. RESULTS AND DISCUSSION
A. Comparative study between model M1
and model M2

The validity of the Boltzmann distribution for electrons in the
presence of an external magnetic field has been a matter of dis-
pute for a long time.22 The effect of an oblique magnetic field on
the electrons is often ignored either on the basis of their small fluid
velocity in comparison to their thermal velocity or by considering
a weak magnetic field.4,38 Another argument is equally proposed in
support of the consideration where it is assumed that, due to their
high thermal velocity, electrons are strongly magnetized. Hence,
their guiding centers follow the magnetic field, and the Boltzmann
distribution is retained.37,39 However, if the angle of inclination of
the magnetic field to the tangent of the wall is very small (α→ 0○),
the Boltzmann distribution of electron is doubtful.40 Moreover, in
the divertor region of tokamaks, the maximum inclination of the
magnetic field toward the wall is 5○.39 Therefore, in this study, the
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FIG. 2. The response of normalized (a) sheath potential, (b) electron density, (c) ion flux, and (d) space charge for different electron models with Ke = 250 for fluid electrons
and q = 0.785 for non-extensive electrons.

inclination angle α is kept between 1○ ≤ α ≤ 5○ having magnitude
1 T, which is a decisive range in fusion devices.

Let us first consider the low electron-neutral collision regime.
A comparison of normalized electric potential (η), electron den-
sity (Ne), ion flux (Γi = niwi), and space charge (σ = ni − nc − nh)

have been depicted in Fig. 2 among various electron models. The
particular value of non-extensive parameter q has been obtained
by trying different values of q (e.g., q = 0.785, q = 0.63) that best
fits with the results obtained from the fluid model. In all the plots,
the deviation of the Boltzmann distributed electron model from the
two-fluid model for an almost parallel magnetic field to the wall is
evident. In Fig. 2(a), for q = 0.785, a comparatively higher sheath
potential is observed. However, for the same value of q, the mea-
sured values of ion flux and the maximum space charge deposited
near the wall are in reasonably good agreement with the two-fluid
models.

Moving to a higher electron-neutral collision regime, a similar
set of comparative results are portrayed in Fig. 3. It is observed that
an increase in the electron collision parameter Ke leads to a greater
deviation of electron distribution from the usual Boltzmann distri-
bution. For a value of q = 0.63, although a deviation in the presheath
scale is apparent, the ion flux and space charge near the wall become
comparable to those obtained from the fluid model [Figs. 3(c) and
3(d)]. But again, a higher electric potential in comparison to the fluid
model has been observed [Fig. 3(a)].

It is well known that Boltzmann distribution for electrons
physically signifies the balance between electrostatic and pressure
gradient force. In a system, where other force fields are also present,

this simple balance between electrostatic and pressure gradient force
no longer holds good. The results of the comparative study discussed
also suggests the same. Therefore, one can infer that for partially ion-
ized plasmas having higher electron-neutral collision frequency, the
electrons are no longer Boltzmann distributed. In such cases, a suit-
able range of the non-extensive parameter may be chosen. On the
other hand, for a higher angle of inclination of the magnetic field
(e.g., α = 5○), it is found that the results obtained from the fluid elec-
tron model exactly tally with that of the Boltzmann electron model.
The dependency of the q parameter on the angle of inclination α has
been portrayed in Fig. 4 for two different collision conditions. This
comparison affirms that unless the external magnetic field is nearly
parallel to the wall, the Boltzmann distribution for electrons can be
safely deployed.

B. Study of nontextensive two electron
temperature plasma

The comparative study discussed in Sec. IV A yields a suit-
able range for q parameter for a partially ionized magnetized
plasma. A two-electron temperature plasma system has now been
taken into consideration and analysis of sheath characteristics has
been carried out in the context of non-extensive distribution for
electrons. Both low and high-temperature groups of electrons are
described by the non-extensive distribution. The low-temperature
electrons are termed cold electrons, and the high-temperature
electrons are termed hot electrons. Their respective densities are
expressed as

FIG. 3. The response of normalized (a) sheath potential, (b) electron density, (c) ion flux, and (d) space charge for different electron models with Ke = 500 for fluid electrons
and q = 0.63 for non-extensive electrons.
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FIG. 4. Variation of q with α in different collisional environments.

nc = nc0(1 + (q − 1)
eϕ
Tc
)

q+1
2(q−1)

, (17)

nh = nh0(1 + (q − 1)
eϕ
Th
)

q+1
2(q−1)

, (18)

where nc0 and nh0 are the cold and hot electron densities in the bulk
plasma and Tc and Th are the cold and hot electron temperatures.
The corresponding normalized equations are given by

Nc = (1 − δ)(1 − (q − 1)η)
q+1

2(q−1) , (19)

Nh = δ(1 − (q − 1)η/τ)
q+1

2(q−1) , (20)

FIG. 5. Variation of normalized ion flux with q for different concentrations of hot
electrons.

FIG. 6. Variation of normalized sheath thickness with q for different concentrations
of hot electrons.

where δ = nh0/ni0 and τ = Th/Tc. The set of Eqs. (7)–(10) along
with Eqs. (15), (19), and (20) constitute the two-electron tempera-
ture plasma sheath model with non-extensive electron distribution.
In this study, the parametric dependence of ion flux and sheath
width on δ, τ, and K i has been investigated in the predetermined
range of q.

The behavior of ion flux and sheath thickness with the non-
extensive parameter q is depicted in Figs. 5 and 6 for four different
values of δ. In both cases, the value of the property in consideration
decreases on moving toward q = 1. The fall of electron density inside
the sheath is steeper for the non-extensive distribution as compared
to the Boltzmann distribution. As a result, a high potential drop
is recorded for q < 1 [refer to Figs. 2(a) and 3(a)]. This increases
the electric field in the region, thereby enhancing the ion velocity.

FIG. 7. Variation of normalized ion flux with q for different temperatures of hot
electrons.
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FIG. 8. Variation of normalized sheath thickness with q for different temperatures
of hot electrons.

Hence, with decreasing q, the ion flux increases. Again, a longer
distance is required to shield a higher electric field. Therefore, the
sheath formed in front of the wall also expands as electron distribu-
tion deviates from the Boltzmann distribution. On the other hand,
ion flux calculated at the wall subsides with an increase in hot elec-
tron density. Hot electrons have enough thermal energy to overcome
the sheath potential barrier. As a result, the total electron density
in the sheath increases. This eventually limits the growth of space
charge near the wall and reduces the sheath electric field and con-
sequently, the ion flux decreases. On the other hand, the presence
of hot electrons has an interesting effect on sheath thickness. A low
electric field should have been shielded in a shorter length span, but
the overall particle density inside the sheath grows up with the raise
in δ as stated earlier. Therefore, the sheath thickness is found to
increase with the increase in hot electron population.

FIG. 9. Variation of normalized ion flux with q for various K i .

FIG. 10. Variation of sheath thickness with q for different K i .

FIG. 11. Behavior of various force fields (a) and the resultant force acting on the
ions (b) for α = 1○.
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Figures 7 and 8 display the variations of ion flux and sheath
thickness with q for four different hot electron temperatures. It is
observed that hot electron temperature has negligible effect on the
ion flux. However, toward the low q regime, the hot electron tem-
perature affects the sheath thickness. As mentioned earlier, electrons
with higher thermal energy can overcome the sheath potential bar-
rier. Hence, for a fixed density of hot electrons, the total electron
density inside the sheath will increase with the increase in electron
thermal velocity, as observed in Fig. 8.

The response of ion flux and sheath width to the electron
nonextensivity in different collisional regimes has been portrayed
in Figs. 9 and 10, respectively. Substantial differences are observed
in both ion flux and sheath thickness for three different values of
collision parameters K i. The rise in the ion flux with an increase
in K i is an important finding of the study. Usually, collision tends
to lower the ion velocity, and a consequential decrease in the ion
flux is observed in the presence of an oblique magnetic field. How-
ever, the magnetic field is kept almost parallel to the wall in this
particular study (α = 1○). This restricts the movement of the ions

FIG. 12. Behavior of various force fields (a) and the resultant force acting on the
ions (b) for α = 5○.

FIG. 13. Ion velocity (z-component) in the sheath for α = 1○ (a) and α = 5○ (b) in
three collisional regimes.

toward the plasma boundary. In this scenario, ion-neutral collision
plays a noteworthy role by enabling cross-field diffusion of plasma
particles toward the wall. An analysis of different forces control-
ling the ions movement is carried out for better understanding of
the situation. Figures 11 and 12 display the z-component of mag-
netic force (Fmag), collision force (Fcoll), and electrostatic force (Fel)

along with the resultant force acting on the ions for different angles
of inclination. In all the cases, the electrostatic and magnetic forces
are opposite to each other. For α = 1○, the magnitude of all the forces
decreases with the increase in K i. However, the net force increases
with K i for α = 1○ [Fig. 11(b)], whereas it decreases with K i for α = 5○

[Fig. 12(b)]. As a consequence, the ion velocity increases with colli-
sion parameter for α = 1○ and decreases with collision for α = 5○ as
shown in Fig. 13. Therefore, a higher ion flux is observed for higher
collision conditions when the magnetic field is nearly parallel to
the wall.

V. CONCLUSION
A realistic range for the non-extensive parameter q has been

predicted for a low pressure magnetized plasma considering the
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sheath formation near a floating wall. At first, a comparative study
has been carried out between a two-fluid model and a single fluid
model with non-extensive electrons. The results of the compara-
tive study reveal that for a magnetic field almost parallel to the wall
(α = 1○), the electron distribution considerably deviates from the
Boltzmann distribution depending on the electron-neutral collision-
ality of the considered plasma. The range, 0.5 ≤ q ≤ 1.0, is found
to be suitable. However, for α = 5○, the electron distribution hardly
deviates from the Boltzmann distribution. Hence, the angle of incli-
nation of the magnetic field has a significant role in determining the
electron distribution in plasmas. The results of the study have been
used to investigate the effect of two-electron temperatures on the
properties of a sheath in a magnetized plasma. The non-extensive
distribution is considered to describe both the electron groups and
found that ion flux to the wall and sheath width increases as the
electron distribution deviates from the Boltzmann distribution. The
fractional density of hot electrons has a profound effect on the sheath
properties whereas the effect of their temperature is negligibly small.
Moreover, the ion flux is found to increase with ion-neutral colli-
sion frequency for α = 1○. This indicates that, for such a magnetic
field configuration, cross-field diffusion might be a key factor in the
formation of the sheath near the wall.
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