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Abstract An analytical solution is presented for the displacement, strain and stress
of a three-dimensional poro-elastic model with three layers, where the three layers are
an underburden, a reservoir with a given fluid pressure, and an overburden. The fluid
pressure in the reservoir is assumed symmetrical around the z-axis and represented
by a Fourier cosine series. The poro-elastic solution is expressed as a superposition
of the solutions for each term in the Fourier series. It is shown that the bulk strain
in the reservoir layer is proportional to the fluid pressure and that the bulk strain in
the underburden and overburden is zero. Using these properties of the bulk strain,
a solution is derived for the three-layer model where the fluid flow and mechanics
are fully coupled. A particular aim of the model is to study the surface uplift from a
given reservoir pressure. The expansion of the reservoir and the uplift of the surface
are studied in terms of the wavelengths in the Fourier representation of the pressure.
It is shown that the surface uplift can be written in a similar form to the 1D vertical
expansion of the reservoir layer, but where the fluid pressure is based on the Fourier
series. It is shown that the amplitudes with average wavelengths longer than 27 times
the thickness of the reservoir give expansion of the reservoir, but average wavelengths
much shorter than this limit do not. Similarly, amplitudes with average wavelengths
much longer than 277 times the thickness of the overburden produce surface uplift, but
wavelengths much shorter do not. The stress in the overburden, which is generated
by the reservoir fluid pressure, is also analysed in terms of the wavelengths. A case is
given where the analytical uplift is compared with the results of a numerical simulation
and the agreement is excellent.
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1 Introduction

The global annual emissions of CO; were 32 Gt in 2016 (International Energy Agency
2016), and the concentration of CO; in the atmosphere has increased from around
280 ppm in 1900 to more than 400 ppm in 2017. CO; is a greenhouse gas and
its increasing concentration in the atmosphere has been found to be the reason for
global warming (Bryant 1997). The injection of large volumes of CO; into aquifers or
depleted oil and gas reservoirs is considered a promising way to reduce CO emissions
and thereby reduce global warming (Bachu 2008; Benson and Cole 2008; Bickle 2009).

CO;, injection leads to a pressure build-up and an expansion of the reservoir, and
in turn to surface uplift. An example of subsurface CO, injection and surface uplift
is the In Salah storage project, where 3.8 Mt has been injected since its start in 2004,
and where a total uplift of roughly 15 mm has been measured around three injection
wells (Rutqvist 2012). The uplift measured at In Salah has attracted a considerable
amount of scientific interest, and a number of modelling studies have been published
(Vasco et al. 2008; Rutqvist et al. 2010; Rutqvist 2012; Bissell et al. 2011; Verdon et al.
2011; Zhou et al. 2010; Shi et al. 2012; Rinaldi and Rutqvist 2013; Rucci et al. 2013;
White et al. 2014; Vilarrasa et al. 2015, 2017; Rinaldi et al. 2017). Similarly, seabed
uplift is expected over offshore CO» sites, although it is more difficult to measure
than land uplift. Land-based water pumping from aquifers and land-based oil and gas
production are known to produce surface subsidence as the fluid pressure is lowered.

Geertsma (1973) developed an early model to compute land subsidence, which was
applied to the Groningen gas field. The model gives the poro-elastic subsidence above a
horizontal disk-shaped reservoir with a constant thickness and a constant pressure. The
reservoir is placed at a finite depth in the infinite half-space and has a stress-free surface.
The model is based on the nucleus-of-strain concept in the half-space, which was
introduced by Mindlin and Cheng (1950) and Sen (1950) as a method to solve thermo-
elastic problems. A particular feature of the model of Geertsma (1973) is that a constant
pressure reduction gives a maximum subsidence that is approximately 1.5 times larger
than the one-dimensional (vertical) compaction of the reservoir layer. The model gives
amaximum horizontal displacement (contraction) that is also approximately 1.5 times
the one-dimensional compaction.

The classical model of Geertsma (1973) has recently been modified by Tempone
et al. (2010): the infinite half-space was replaced by a rigid basement underneath
the reservoir. Tempone et al. (2010) compare the displacement, stress and strain of
their model with the classical Geertsma model (Geertsma 1973). The comparisons
show that a rigid basement close to the reservoir gives more uplift than the classical
model, because less of the reservoir compaction goes vertically downward into the
layer underneath the reservoir.

Another approach is taken by Fokker and Orlic (2006). They model the poro-elastic
subsidence by a semi-analytical approach, which allows for an arbitrary number of
layers. They use a numerical method to fit a set of analytical solutions to approximate
the boundary condition in an optimal manner.

Selvadurai (2009), Kim and Selvadurai (2015), Selvadurai and Kim (2016) and
Niu et al. (2017) have developed analytical models for different configurations of a
reservoir and a caprock. Selvadurai and Kim (2016) present analytical poro-elastic
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solutions for a storage aquifer with a caprock; the solutions are given by an integral
representation. The model was used to study how the surface displacement is controlled
by the radius and the depth of the injection region. Finally, Chang and Segall (2016)
studied how fluid pressure variations from injection or production in reservoirs could
induce poroelastic stress changes and fault slip in the basement.

In the present article, a different approach is taken, by first solving the poro-elastic
equations for a three-dimensional model with three layers when the reservoir pressure
is just one term in a Fourier series. The same approach was taken by Wangen et al.
(2018) with a two-dimensional model of a reservoir with an overburden, but no under-
burden. The three layers in the present model are an overburden, a reservoir and an
underburden, where the underburden is placed on a rigid basement. Each layer in the
model is of infinite lateral extent and of constant thickness. A periodic pressure distri-
bution can be represented by a Fourier series, and the displacement, strain and stress
becomes the superposition of the effect of each term in the Fourier series. The model
has a stress-free surface, except for the shear stress xz and yz components, which turn
out to be negligible for normal configurations of the reservoir and the overburden.
The displacement field and the stress, except for the xx and yy stress components,
are continuous across the internal layer boundaries, which are the top and the base
of the reservoir. A particular feature of this model is that it allows a decoupling of
the equation for fluid flow from the equations of the displacement field. This decou-
pling simplifies considerably the derivation of analytical solutions of the fully coupled
problem of fluid flow and mechanics. This model is well suited for a study of how the
displacement, stress and uplift depend on the wavelengths of the reservoir pressure
and the layer thicknesses. ‘Short’ and ‘long’ wavelengths in the pressure distribution
produce different displacement fields and stresses, where ‘short’ and ‘long’ are with
respect to layer thicknesses.

The present paper is organized as follows: The poro-elastic assumption and notation
are introduced, and the expansion of the one-dimensional vertical poro-elastic layer
is established. The geometry of the three-layer model is explained, and the boundary
conditions are discussed. The solution for the displacement field is presented, and then
the limit as the wavelength goes to infinity is investigated. How the fluid pressure can
be decomposed in a double Fourier series is demonstrated before a Fourier solution for
the fully coupled problem of fluid flow and mechanics is derived. The uplift is studied
in terms of the wavelengths of the Fourier decomposition, and a special solution for
the displacement for a reservoir on top of a rigid basement is presented. The analytical
solution for the uplift is compared with a numerical finite element solution. An example
of the analytical solution is given, which demonstrates the displacement field and the
stress field. The stress in the caprock is investigated with respect to the wavelength of
the Fourier components in the reservoir pressure.

2 Poro-elasticity

The stress state o;; in the model is given by the sum of the initial stress ol.(jo) and the

change crl.(j])

reservoir

in the poro-elastic stress caused by a change in the fluid pressure in the
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0 1
O'l'j :Ul-(j)—l-dl-(j), (1)

where the indices i and j indicate the three spatial dimensions x = 1, y = 2 and
z = 3. The stress state o;; fulfills the equilibrium equations

% — pgsiz. @

where p is the rock bulk density, g is the acceleration due to gravity, and §;; is the
Kronecker delta, thatis, §;; = 1 fori = zand §;; = 0 fori # z. Einstein’s summation
convention is used in the equilibrium Eq. (2), where summation is understood for each
pair of the same indices.

The initial stress state also fulfills the equilibrium Eq. (2), which implies that the
stress produced by poro-elastic changes fulfills an equilibrium equation without body
forces

(H
00
Yy, 3)
ij

The effective stress can also be decomposed into the initial effective stress and the
effective stress produced by changes in the fluid pressure in the reservoir

0 1
Tij = fi(j) + tl-(j). “)
The initial effective stress is given by

L0 _

0
i =y +ap®sy. 5)

where p(© is the initial fluid pressure and « is the Biot coefficient. Similarly, the
difference in the poro-elastic effective stress is given by

1 1
ri(j) = Gi(j) +aps;;, (6)

where p! is the change in the reservoir pressure. The change ri(jl)

stress produces poro-elastic deformations

in the effective

ri(jl) = ai(j]) + (xp(l)S,-j = Aewidij + 2Ge;j, (7)
where A is the Lamé parameter, G is the shear modulus, ¢;; = %(u,-, j +uji)is the
strain tensor, and u; is the displacement vector (i = x, y, z). An upper case A is
used for the Lamé parameter, since the lower case A will be used for the wavelength.
Notice that normal effective stress is positive when the rock is tensile and negative
when it is compressive. The elastic moduli are for drained conditions. The equations
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for the displacement field u; are obtained by inserting the stress from Eq. (7) into the
equilibrium Eq. (3), which yields
9%uy 9%u; 82uj o« Bp(o)
Voxeax: | oxjx; | owiox; G ox

; ®)

where y = A/G. For simplicity, the layers in the system are taken to have the same
geomechanical parameters A, G and «. The gradient of the pressure change appears as
an internal load on the left-hand side of the equilibrium equations. Therefore, Eq. (8)
gives the displacement field when the pressure is known. The displacement field has a
feedback on the pressure. The equation for the fluid pressure that includes poro-elastic

deformations is
¢ a—¢)\dp K de
—_— — —V|—-Vp|=—-—a—, 9
<Kf + K ot nw P * ot ©)

where Ky is the modulus of fluid compressibility, K is the modulus of the solid
constituting the rock matrix, ¢ is the porosity, « is the permeability, u is the pore fluid
viscosity, ¢ = du;/dx; is the bulk strain and ¢ is the time. The notation is simplified
by denoting the pressure change by p = p®. The notation for the displacement field
is also simplified by writing u = u,, v = uy, and w = u;. For instance, the bulk
strain can now be written ¢ = du; /dx; = du/dx 4+ dv/dy 4+ dw/dz, where it is noted
that summation is understood over pairs of equal indices. In the following, the fluid
overpressure is assumed known and the displacement equations are solved with the
given overpressure.

3 One-dimensional Vertical Uplift

The one-dimensional vertical poro-elastic expansion of a reservoir layer due to a
constantincrease pg in the overpressure is an important reference model. The equations
for the displacement field (8) become

QG + A) dw _ dp
—_— = a—,
dz? dz

(10)
for one-dimensional vertical displacements, when u = 0 and v = 0. The vertical
displacement w(z) is obtained by integrating Eq. (10) twice

_apo(z — z0)

w(z) = WGr A (11)

where it is assumed that the base of the reservoir layer at z = zg is fixed (w = 0). The
surface of the reservoir layer has a maximum displacement given by

apoh
w = ,
2G4+ A

(12)
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Us, Ug
Overburden Vs, U6 hs

Ws, We

Uz, Uq
Reservoir Vs, Uy ha

W3, Wy

Uy, Uz
Underburden V1, Vs h

wy, W2
z=0 X

Fig. 1 The three-layer model and the coefficients of the homogeneous solution for each layer. The base
layer is at z = 0, the base of the reservoir is at z = z1, the top of the reservoir is at z = zp and the top
surface is at z = z3

where # is the thickness of the reservoir layer. In case the reservoir layer has an over-
burden, the overburden is uplifted by w when the base is fixed. The one-dimensional
reservoir expansion (12) turns out to be an important reference for the uplift.

4 The Three-Layer Model

The model consists of three layers of infinite extent, as shown in Fig. 1. The middle
layer is the reservoir and it has an overburden and an underburden. To simplify the
analytical solution for the displacement field, the three layers are assigned the same
mechanical properties. Only the reservoir layer is considered permeable and has a
change in the fluid pressure. The z-axis is positive upwards, and z = 0 is the base
of the model (the underburden). The base of the reservoir layer is at z = z1, the
top of the reservoir layer is at z = zo and the top of the model (the surface) is at
z = z3. The thicknesses of the underburden, the reservoir and the overburden are /i,
hy and hs, respectively, and the layer boundaries become z; = h1, z2 = h1 + ho and
23 = h1 + hy + hs.

5 Boundary Conditions

The layers are of infinite extent, and the boundary conditions are at the base and at the
top surface of the model. The base surface has zero vertical displacement, and the top
surface has zero lateral displacement. These boundary conditions can be written as

u(z =z3) =0, vz =2z3) =0 and w(z = 0)=0. (13)
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The boundary condition w(z = 0) = 0 implies that the underburden is resting on
an absolutely rigid base. The top surface may move vertically, but it is prevented from
lateral displacements, since it is assumed that u(z = z3) = Oand v(z = z3) = 0.
It will be seen that this boundary condition leads to an approximately stress-free top
surface when the overburden is much thicker than the reservoir. This approximation
works fine for ‘long’ wavelengths in the reservoir pressure, because they give locally
almost one-dimensional vertical surface deformations. Furthermore, it is seen that
‘short’ wavelengths in the reservoir pressure produce deformations that decrease to
almost zero towards the surface.

6 The Solution for the Displacement Field

The displacement field is first found for a periodic reservoir fluid overpressure of the
form

p = po cos(kix) cos(kzy), (14)

which is one term in a Fourier representation of a fluid pressure that is symmetrical
around the z-axis. The overpressure (14) is independent of the depth inside the reser-
voir layer. The amplitude of the fluid pressure is pg, and the wavenumbers in the x-
and y-directions are ki and kj, respectively. These wavenumbers correspond to the
wavelengths

2 2
A= — d Ay=—, 15
1 A and A I (15)

respectively. The full solution for the displacement field of the three-layer model con-
sists of three parts: one for each of the three layers comprising the underburden, the
reservoir and the overburden. The solution gives a displacement field that is con-
tinuous across the layer boundaries. The derivation of the solution is presented in
the “Appendix”. The underburden (0 < z < z;) has the following solution for the
displacement field

k .
u(x,y,z) = —C—; Dy - po - F1 - cosh(cz) sin(kyx) cos(kay), (16)
k
v(x,y,2) = —C—i Dy - po - F1 - cosh(cz) cos(k1x) sin(kay), (17)
1
w(x,y,z) = — Do - po- F1 -sinh(cz) cos(k1x) cos(kay), (18)
C

where the average wavenumber is
c= (k3 + k2, (19)
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and where
Do = —2> (20)
TG+ A
and
cosh(czz — ¢z2) — cosh(czz — cz1)
- , @1
cosh(cz3)
are two coefficients. The reservoir (z; < z < z2) has the displacement field
ki .
u(x,y,z) = ) Dy - po - (1 — F2(z)) sin(k;x) cos(k2y), (22)
ko .
v(x,y,z) = ) Do - po - (1 — F2(2)) cos(kix) sin(k2y), (23)
1
w(x,y,z) = . Dy - po - F3(2) - cos(kix) cos(kay), (24)
where
cosh(czz — c¢zp) cosh(cz) + sinh(czy) sinh(czz — ¢z)
F(z) = ; (25)
cosh(cz3)
and
cosh(czz — czp) sinh(cz) — sinh(czy) cosh(czz — ¢z)
F3(z) = ; (26)
cosh(czs)
are two functions of z. Finally, the overburden (zp < z < z3) has the solution
k1 . .
u(x,y,z) = ) Dy - po - Fy - sinh(cz3 — cz) sin(kx) cos(kay), 27
k . .
v(x,y,z) = C—i Do - po - Fy - sinh(cz3 — cz) cos(kix) sin(kay), (28)
1
w(x,y,z) = - Dy - po - F4 - cosh(czz — cz) cos(k1x) cos(kzy), (29)
where
Py = sinh(czp) — sinh(czl)’ (30)

cosh(cz3)

is a coefficient. It is seen that all parts of the displacement field are proportional to the
coefficient Dy and the pressure amplitude pg. Another observation is that the functions
F>(z) and F3(z) have the following properties

dF2 dF3
—= =cF3(z) and — =cF>(2). 31D
dz dz
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These relations are useful in the expressions for the strain and for verifying that the
stress fulfills the equilibrium equations.

The strain ¢;; = %(ui’ j+uj ;) is straightforward to compute from the displacement
field, and the strain tensor for each layer is given in the “Appendix”. The effective stress
follows from the strain by Eq. (7) and the effective stress tensor ri(jl) for each layer

is also given in the “Appendix”. The stress al.(.l ) is equal to the effective stress in the
overburden and the underburden where the fluid overpressure is zero. In the reservoir
layer, the normal stress is obtained from the effective stress by subtracting the reservoir
pressure multiplied by Biot’s coefficient; see Eq. (14). Finally, it is straightforward to
verify that the stress oi(.l ) fulfills the equilibrium Eq. (3).

Itis also straightforward to verify that the displacement field (#, v, w) and the stress
components o;;), ag), a)(,;) and o*)g;) are continuous across the internal boundaries at
the base and at the top of the reservoir. In the same way, it can be seen that the stress

components 0,86) and ay(;) are discontinuous across the horizontal layer interfaces. The

stress is Ao)gc) = Aa)(,}l,) = A Dgpo cos(kix) cos(kry) larger in the reservoir than right
above in the caprock or right below in the underburden. The following two relations

are useful for showing the continuity of the stress field across the internal layers

F>(z1) — Fy - cosh(czy) =1 (32)
F>(z2) 4+ F4 - sinh(czz —cz2) = 1, (33)

where the first relation applies to the base of the reservoir and the second to the top of
the reservoir.

7 The Limitas k1 = 0 and k, — 0

An important aspect of the solution (16)—(29) is what happens in the limit as both
k1 — 0 and ko — 0. This is the limit of infinite wavelengths in both the x- and y-
directions, where the pressure (14) becomes laterally constant with an amplitude py.
Notice that the four functions F; to F4 depend on the arguments cz1, ¢z and cz3, and
that ¢ also goes to zero when both k1 and k2 do so. The limit k; — 0 and k> — O can
be studied by using k| = k» =k and ¢ = ﬁk, and letting the wavenumber £k — O.
A fixed value of x gives that

sin(kx), sinh(kx) ~ kx, when k — O, (34)
cos(kx), cosh(kx)~ 1, when k— O, 35)

and similarly for fixed values of y and z. This implies that the factor k/c? disappears
in all expressions for u(x, y, z) and v(x, y, z), which are Egs. (16), (17), (22), (23),
(27) and (28). Next, it is seen that

Fi — 0 when ¢ — 0, (36)
F, -1 when ¢— 0, 37
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F; — 0 when ¢ — 0, (38)
F4y — 0 when ¢ — 0, 39)

which implies that the lateral displacement field goes to zero in the limit k1, ko — O.
This is as expected for a constant pressure distribution, because it is a one-dimensional
vertical model. The same argument as above implies that the vertical displacement field
of the underburden goes to zero in the limit k1, ko — 0.

The vertical displacement field of the reservoir depends on the function F3 in
the limit ¢ — 0, and it can be seen that F3 — (cz — czp). Therefore, the vertical
displacement field of the reservoir (24) has the limit w — Dg po - (z — z1) when
k1, ko — 0, which s the solution for the one-dimensional vertical reservoir expansion.

In the overburden, the vertical displacement field depends on the function F4, which
has the limit (czo — cz1) when ¢ — 0. Therefore, the vertical displacement of the
overburden has the limit w — Dy pg - (z2 — z1), which is, as expected, the maximum
vertical expansion of the reservoir layer.

Furthermore, it follows that the strain and the effective stress tensors are zero in the
limit k1, kp — O for all layers, with exceptions for the strain e,, = apo/(A + 2G)

and effective stress tz(;) = apg for the reservoir layer.

8 Fourier Representation of the Reservoir Pressure

The reservoir pressure can be represented as a double Fourier cosine series, assuming
that the pressure is symmetrical around the z-axis

Ny N»
1 1 1
P, y) = ZA00+ ’; Am,0os(knx) + 5 3 Ao cos(kny)

n=1
Ni M

+ Z Z Ap.n cos(kyx) cos(k,y), (40)

m=1n=1

where the Fourier coefficients are given by

4
LiL>

man =

Ly pLy
/ / pr(x,y)cos(kyx)cos(k,y)dxdy, 41
0o JO

and where the wavenumbers for indices m and n are

mim nm
km = L_l and kn = L—Z, (42)

respectively; see Kreyszig (2011). The domain sizes in the x- and y-directions are L
and L, respectively. A Fourier series gives an exact representation of any periodic and
well-behaved function, with periods L and L, in the x- and y-directions, respectively,
in the limit Ny — oo and N> — oo. The domain size is assumed sufficiently large
for the pressure to go to zero before the edges of the domain. A finite representation,
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where N; and N, are of order 100, normally gives an excellent approximation of the
reservoir overpressure. It is convenient to write the series (40) compactly as

N1 Ny
P y) =YY A, cos(knx) cos(kny), (43)
m=0n=0
where the coefficients A}, are given by A6,0 = ‘—I‘Ao’o, ;11,0 = %Am,o, A6,n = %AO,n
and A}, = Ay form,n # 0.

The displacement field is linear in the reservoir overpressure, which also implies
that the strain and the stress are linear in the overpressure. Since the model is linear,
the displacement, stress and strain from a pressure distribution written as a Fourier
series become the superposition of the displacement, stress and strain from each term
in the Fourier series. For instance, if S(x, y, z) is a property such as the displacement,
the stress or the strain, it implies that

N1 Ny
Sy, )=y Y A S knx kny. c2) and c=(ky, +kD'? (44

m=0n=0

where S’ (k. x, kyy, ¢z) is the contribution to the property from one Fourier component,
and where py is replaced by the pressure A;n’n. The function S’ (k,,,x, k, y, cz) is zero
for m = 0 and n = 0, except for a displacement w in the vertical direction, the strain

&, and the effective stress rz(zl), as already shown.

9 Solution of the Coupled Biot Equations

The strain tensor in the underburden, reservoir and the overburden is straightforward
to compute from the displacement field; see the Appendix. It may be seen from the
Appendix that the bulk strain is zero in the underburden and the overburden. On
the other hand, the bulk strain in the reservoir layer is proportional to the pressure,
¢ = Dop, when the pressure is represented by a Fourier series. This allows for a
decoupling of the pressure Eq. (9) from the displacement Eq. (8). The pressure equation
for the reservoir layer can now be written as

1 9 1 — 2
7 _y pr =0 where =i+a ¢+ L @)
Keg Ot 7 Kete K¢ K 2G+ A

in terms of the effective modulus Kc¢r. The pressure Eq. (45) has a time-dependent
solution of the form

N1 N
PO Y ) =YY amn Xp(—t [ty n) cOS (k) cO8(kn y), (46)

m=0n=0
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where

n

thn = ————5>——, 47
e (k,zn + k’%)KKeff “7)

is the characteristic time associated with the average wave length A = 27/ (ki +k,2,) 172,

The Fourier coefficients in Eq. (46) give the initial condition, which decays to zero
with time. The solution (46) provides a Fourier series that solves for the case of fully
coupled fluid pressure and deformations.

10 Uplift as a Function of Wavelengths and Layer Thicknesses

A particular aim with this model is to study which wavelengths (wavenumbers) in
a Fourier series of the reservoir pressure give surface uplift. Therefore, the vertical
deformations are studied for one term in the Fourier series, as represented by the fluid
pressure (14). The surface uplift is given by the vertical displacement (29) for z = z3,
and it can be written as

apoha

=%+ A Jfsurt (chy, chy, ch3) - cos(kix) cos(kay), (48)

Wsurf

and where

sinh(chy 4 chy) — sinh(chy)
chy cosh(chy + chy + ch3)

Ssurt (chy, chy, ch3) = (49)

The first of the three factors in the uplift (48) is the one-dimensional reservoir expansion
produced by a constant reservoir pressure pg. The second factor, ff, is a dimension-
less surface uplift: it turns out to be a number between 0 and 1. The dimensionless
function depends on the three parameters chp, chy and chz, where

2
=2 +kH? and 2=, (50)
C

are the average wavenumber and the average wavelength, respectively. The dimension-
less surface uplift fg,f describes how the uplift depends on the layer thicknesses and
the average wavenumber, or, alternatively, the average wavelength. Figure 2 shows the
dimensionless uplift as a function of ch; and ch; for the three different underburden
thicknesses given as ch; = 0.1, 1 and 10. For all three cases, the uplift is close to
one for chy < 1 and chz < 1. Another way to state this condition is that the aver-
age wavelength must be larger than both the reservoir thickness and the overburden
thickness multiplied by 27, i.e. A > 2w hy and A >> 2w h3. This is a generalization of
the condition for uplift found with the two-dimensional plain-strain model of Wangen
et al. (2018), which has a reservoir layer and an overburden, but no underburden. The
dimensionless uplift (49) gives exactly the same dimensionless uplift as in Wangen
et al. (2018) under plain strain conditions (k> = 0) and with an underburden of zero
thickness (h; = 0).
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Surface uplift: ch1=0.1 Surface uplift: ch1=10

Surface uplift: chl=1

log10(ch3) [-]
log10(ch3) [-]
log10(ch3) [-]

-1 1

log10(ch2) [-] 7 log10(ch2) [-] 7 log10(ch2) [-]

-1 1

Fig. 2 The dimensionless surface uplift (49) as a function of chy, chy and ch3

The surface uplift comes from the expansion of the reservoir. Vertical movements
of the top and the base of the reservoir can be expressed in a similar way as the surface
uplift. The vertical displacement of the top reservoir is given by either Egs. (24) or (29)
at z = 77, because the displacement field is continuous at the layer interfaces, and it
can be written as

apoh?
Wiop = m . ftOp(Chl’ Chz, Cl’l}) . COS(klx) COS(ka), (51)
and where
1
Srop(chy, cha, ch3) = o (sinh(chy) 4+ wo sinh(ch; + chy)) (52)
chy
wo = cosh(chz) — cosh(chy + ch3). (53)

cosh(chy + chy + ch3)

Figure 3 shows the dimensionless uplift of the top reservoir, Eq. (52). It lies between
1/2 and 1 for ch, <« 1, or alternatively A >> 2mhy. When ch, < 1 and chsy < 1,
the dimensionless uplift is & 1, and when chy <« 1 and chz > 1, itis & 1/2, unless
the overburden is ‘thin’, ch; < 1, in which case it is &~ 1. In the opposite regime,
chy > 1 (A K 2mhy), it is almost zero. Wavelengths much shorter than 2/, do not
produce an uplift of the top of the reservoir. The vertical movement of the base of the
reservoir is given by Eqs. (18) and (24) for z = z; and can be expressed as

, Top reservoir uplift: ch1=0.1 , Top reservoir uplift: chl=1 _ Top reservoir uplift: ch1=10

210(ch3) [-]

log10(ch3) [-]
logl0(ch3) [-]

-1 -1 -1

log10(ch2) [-] log10(ch2) [-] log10(ch2) [-]

Fig. 3 The dimensionless top reservoir uplift as a function of chp, chy and ch3
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, Base reservoir uplift: ch1=0.1 _ Base reservoir uplift: chl=1 s Base reservoir uplift: ch1=10

log10(ch3) [-]
log10(ch3) [-]

-1 -1 -1

log10(ch2) [-] ' log10(ch2) [-I]

0
log10(ch2) [-]
Fig. 4 The dimensionless base reservoir uplift as a function of chy, chy and ch3

apoh

Whase = m - foase(chy, chy, ch3) - cos(kix) cos(kay), (54)

where the dimensionless vertical displacement for the base of the reservoir is

(cosh(chz) — cosh(chy + ch3)) sinh(chy)

55
chy cosh(chy + chy + ch3) (55)

Soase(chi, chy, ch3) =

The dimensionless displacement fps is plotted in Fig. 4, which shows that the base
of the reservoir has a negative displacement. This means that it is pressed down into
the underburden. Figure 4a shows that the conditions chy < 1 and ch3 < 1 give
small negative displacements of the base reservoir. Furthermore, it can be seen from
Fig. 4 that the maximum downward displacement of the base of the reservoir takes
place for chy < 1 and chy, chz > 1. This condition can also be written as A > 2w hy
and A < 2mhy, 2 h3. The condition says that the average wavelength must be ‘long’
compared to the thickness of the reservoir and at the same time ‘short’ compared with
the thickness of the underburden and the overburden.

Finally, the dimensionless expansion of the reservoir is given by the difference
between the vertical displacements of its top and base

Jaite(chy, cha, ch3) = fiop(chy, chy, ch3) — foase(chi, chy, ch3). (56)

The dimensionless expansion is plotted in Fig. 5. It can be seen that the condition for
expansion of the reservoir is that chy < 1 or, alternatively, that A > 2w h», regardless

Expansion, top-base: ch1=0.1 Expansion, top-base: chl=1 Expansion, top-base: ch1=10
2 2 2

log10(ch3) [-]
log10(ch3) [-]
logl0(ch3) [

-1 -1 -1

log10(ch2) [-] log10(ch2) [-] log10(ch2) [-]

Fig. 5 The dimensionless reservoir expansion as a function of chy, chy and ch3
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of the overburden and the underburden. Comparing the dimensionless reservoir expan-
sion of Fig. 5 with the dimensionless surface uplift of Fig. 2 shows that the expansion
of the reservoir reaches the surface only when ch3 <« 1 or A > 2mh3. Since the
overburden is normally much thicker than the reservoir, 73 >> h, the condition for
surface uplift becomes A > 2w h3, in terms of the average wavelength.

11 Reservoir and Overburden Above a Rigid Basement

The model is simplified considerably if it is assumed that the reservoir rests on an
absolutely rigid basement. Then, the underburden thickness can be set to zero (k1 = 0).
In this case, the displacement field for the reservoir layer (0 < z < z7) becomes

Dok h(ch

ulx,y,z) = 071 - (chs) cosh(cz) | sin(kyx) cos(kay),
c? cosh(chy + ch3)
Dok h(ch

v(x,y,2) = 072 (1 - cosh(cf3) cosh(cz) ) cos(kyx) sin(kyy),
c? cosh(chy + ch3)

Dy  cosh(ch3) .
vy, 7)) = ————— 2" ginh k kay), 57
w(x,y,z) ¢ cosh(cly & ch) sinh(cz) cos(kyx) cos(kay) (57)

and for the overburden (z2 < z < z3)

Dok sinh(chy)

u(x,y,z) = 2 cosh(ca + chs) sinh(cz3 — cz) sin(k;x) cos(kpy),
Doky sinh(chy) . .
v(x,y,2) = 2 cosh(cn + chs) sinh(cz3 — c¢z) cos(kx) sin(kyy),
Dy sinh(chy)
w(x,y,2) = cosh(czz — cz) cos(kix) cos(kay). (58)

c cosh(chy + ch3)
The vertical displacement (58) gives the dimensionless uplift for this case:

sinh(chyp)
chy cosh(chy + chz)’

Jsurt (chy, ch3) = (59)

which becomes the same as the dimensionless uplift reported for the two-layer plain-
strain model by Wangen et al. (2018) by setting either k; = 0 or k; = 0. It should be
noted that the dimensionless uplift is given by a different expression by Wangen et al.
(2018), but it is easily rewritten to be as in Eq. (59).

12 An Example of Surface Uplift from Reservoir Pressure

This section gives the uplift, at three different times, from a pressure plume that spreads
out from an injection well. The pressure plume is expressed by Theis’ equation (Theis
1935),

@ Springer



Math Geosci

nQ pur?
1) = E , 60
pr. D) drichy ! <4KKefft) (60)

where Q is the injection rate, hj is, as before, the thickness of the aquifer, r =
(x2 4+ y*)/2 is the radius from the injection well and ¢ is the time. The exam-
ple has a reservoir thickness i, = 50 m, porosity ¢ = 0.1, fluid compressibility
1/K¢ = 5 x 1078 Pa™!, solid matrix compressibility 1/K, = 0 Pa~!, aquifer per-
meability k = 1 x 10712 m? and injection rate Q9 = 0.278 m3 s~ !. The overburden
thickness is 43 = 1000 m, and the reservoir layer is placed on a rigid basement, which
gives h1 = 0 m. Young’s modulus is £ = 15 GPa, and the Poisson ratio is v = 0.2.
Since E > Ky, the fluid compressibility dominates the compressibility of the rock,
and the right-hand side of Eq. (9) can be ignored.

How the pressure plume spreads out from the origin is plotted in Fig. 6a by showing
the pressure at 10, 100 and 1000 days. In Fig. 6a, the solid curve shows the Theis
solution, and the markers show the pressure computed from the Fourier series. The
uplift for one Fourier component is expressed by Eq. (48). Since the model is linear,
the uplift becomes the superposition of uplift from each term in the Fourier series.
Therefore, the uplift from the pressure plume can be expressed as

ahy pup(x,y)
Weurt = ﬁ (61)

where pyp(x, y), the uplift pressure, is defined by

N1 Ny
Pup = Z Z Sfeurf (chy, chy, ch3) A;n,n cos(kpx) cos(kyy), (62)
m=0n=0
() (b)
40 : T T 4.0 T T T
—ih, iy
35 — yS 1 35 —100 days T
—— 1000 days —1000 days

30 = 30

25 - 25 F 1

20 -

05 PR - 0.5
# !:" A_/\L
00 1 O 00 1

-10000 -5000 0 5000 10000 -10000 -5000 0 5000 10000

20 F 1

overpressure [MPa]
uplift overpressure [MPa]

x-coordinate [m] x-coordinate [m]

Fig. 6 a The overpressure plume at times 10, 100 and 1000 days. The solid line is the Theis solution, and
the circular markers show the overpressure from a Fourier series. b The surface uplift pressure given by
Eq. (62)
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Fig.7 a The Fourier coefficients as functions of the wavenumber for the three overpressure plumes. b The
average wavelength as a function of average wavenumber. ¢ The dimensional uplift fg,f, Eq. (49), as a
function of the wavenumber

where
c= (k2 +kH/2 (63)

The surface uplift (61) has the same form as the one-dimensional reservoir expan-
sion (12) when it is expressed using the uplift pressure (62). The uplift pressure is the
Fourier representation of the reservoir pressure filtered with the factor fg,.t, which is
a number between 0 and 1. Figure 6b shows the uplift pressure corresponding to the
pressure plume in Fig. 6a. The uplift pressure is seen have roughly the same width as
the corresponding pressure plume, but it has much less height. These observations are
explained by the factor f,f, which reduces ‘short” wavelengths in the Fourier series.

The Fourier coefficients as a function of the average Fourier number, n,y = (m2 +
n?)1/2 are plotted in Fig. 7a. Figure 7a shows that the first Fourier coefficients become
larger as the plume spreads out. The first three Fourier coefficients for the pressure
plume at 1000 days are considerably larger than the others.

Figure 7a shows that the largest Fourier coefficients are found for an average Fourier
number less than 2. These Fourier numbers correspond to an average wavelength that
is longer than 10 km, as seen from Fig. 7b. The pressure plumes at times 10 and
100 days are not wide enough to have noticeable Fourier coefficients for the lowest
Fourier numbers.

The Fourier coefficients are multiplied with the fy,-function, which lies in the
range 0.8-1 for Fourier numbers up to 2. For Fourier numbers larger than 4, the fg¢-
function is less than 0.5, as it converges towards 0. The large Fourier coefficients of
large wavelengths, which dominate the pressure plume at time 1000 days, are not
reduced very much by the f,r-function, and therefore they contribute to the surface
uplift.

The actual uplift at the three times is plotted in Fig. 8a—c. These curves show the
uplift computed by expression (62) (the red circles) and the results of a finite element
computation (the blue curve). The agreement between the analytical expression and
the numerical FE computation is excellent. Figure 8a—c also show the one-dimensional
reservoir expansion (12), when applied locally, as the green curve. The uplift from the
pressure plume approaches the one-dimensional reservoir expansion as it gets wider
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Fig. 8 a Surface uplift at time 10 days. b Surface uplift at time 100 days. ¢ Surface uplift at time 1000 days

and therefore has Fourier components with longer wavelengths. The one-dimensional
reservoir expansion becomes a reasonable approximation for the surface uplift when
the width of the plume exceeds 2w 43 &~ 6000 m.

Expressions similar to those for the surface uplift (61), where the uplift has the same
form as the one-dimensional reservoir expansion, can be made for the displacement
at the base of the reservoir and the top of the reservoir.

13 An Example of Displacement, Strain and Stress from Reservoir
Pressure

Another version of the preceding example is shown in Fig. 9. The reservoir layer with
the reservoir pressure and the overburden is the same, but a 2000 m underburden is
added. Figure 9 shows a two-dimensional xz-cross section of the model through the
z-axis. The fluid overpressure is limited to the reservoir layer, as seen from Fig. 9a,
and Fig. 9b shows that the displacement field u is symmetric around the origin. The
displacement field « is also restricted to the surroundings of the reservoir layer. Fig-
ure 9c¢ shows the vertical displacement field w from the expansion of the reservoir

(a) (b) (0

overpressure [Pa] u (displacement) [m] w (displacement) [m]
32 T T T T 32 T T T T

i ]

z-coordinate [km]

z-coordinate [km]
z-coordinate [km]

003

o 1 1 0015 - 1 1 -
=30 -1.0 1.0 3.0 50 -5.0 -3.0 -1.0 1.0 30 50 -5.0 -3.0 -1.0 1.0 30 50
x-coordinate [km] x-coordinate [km] x-coordinate [km]

Fig. 9 a The overpressure plume in a 50 m-thick reservoir above 1000 m-thick overburden. The under-
burden is 2000 m. b The displacement in the x-direction generated by the pressure plume. ¢ The vertical
displacement field generated by the pressure plume
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Fig. 10 The stresses a)g,lr), az(zl ) and ax(p are shown by plots a—c, respectively

layer, which produces negative vertical displacements in the underburden and posi-
tive displacements in the overburden. The positive vertical displacements reach the
surface, where it produces an uplift.

Figure 10 shows the stress corresponding to the overpressure and the displacement
field in Fig. 9. Recall that the stress is the effective stress minus the pore pressure,
Eq. (6), and that it is the effective stress that is responsible for deformations, Eq. (7).
A negative value of O')E)lc) and oz(zl ) indicates compression. A positive pore pressure
acts to expand the rock, but there is a compressive stress that holds the expansion
back. Otherwise, the rock would have been maximally expanded and stress-free. The
deformations are much larger in the vertical direction than in the x-direction, which
implies that there is less compressive stress in the z-direction than in the x-direction.
The shear stress a)g) islocated near the centre of the pressure plume in the underburden,
the reservoir and the overburden. The absolute value of the shear stress is also two
orders of magnitude less than the overpressure.

14 Stress in the Overburden

The surface of the model (z = z3) is stress-free, except for the shear stress components
0)2) and ay(;), as seen from Egs. (178)—(182). It turns out that the coefficient F, can
be used to obtain a condition for when these two shear stress components are close to
zero. The shear stress ag) at the surface (z = z3) can be constrained in the following

way,

o,g) ky o
< —.—— . F4 < Fy, (64)
Do c 2+vy)

since kj/c < 1, < land y > 0. How F4 = F4(chy, chy, ch3) depends on chy,
chy and chj is shown in Fig. 11, where it can be seen that the shear stress aﬁ) at the
surface is negligible if one of following two conditions is fulfilled. The first is that
chz > 1, and the second is that chy < 1 and ch3 > chy. If it is assumed that the
overburden is much thicker than the reservoir layer, the second condition becomes just
chy < 1. These two inequalities can be rewritten in terms of the average wavelength
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Fig. 11 The coefficient Fy is plotted as a function of chy and ch3 for four values of ch

as A < 2mhs and 2mwhy; < M. Since the overburden is assumed thicker than the
reservoir layer, these intervals overlap, and the condition for negligible shear stress at
the surface is fulfilled for all wavelengths. Exactly the same argument shows that a)(;)
is close to zero at the surface.

The stress in the caprock, Eqs. (178)—(183), shows that all the components of
the stress tensor are proportional to the coefficient F4. The components of the stress
tensor depend on the z-position in the caprock by either the factor cosh(czz — cz) or
sinh(cz3z — cz). This implies that the stress increases nearly exponentially, from the
surface towards the base of the overburden, when ch3 > 1, because 0 < cz3 — ¢z <
chs. In the other regime, where chz < 1, these two factors can be approximated by
cosh(czz —cz) =~ 1 and sinh(cz3z —cz) ~ 0. It can therefore be concluded that the short
wavelengths in the fluid pressure, chz > 1 or A < 2w h3, produce stress in the caprock
that is maximal towards its base. Long wavelengths, ch3 < 1 or A > 2w h3, produce
a weak stress in the caprock for normal basin configurations where the overburden is

much thicker than the reservoir (hy < h3).
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15 Conclusions

An analytical solution is presented for the displacement, strain and stress of the poro-
elastic equations for a three-dimensional model of three horizontal layers with the
same rock properties. The three layers are an underburden on a rigid basement, a
reservoir with a pore pressure change, and an overburden. The overburden and the
underburden are assumed impermeable with no fluid pressure change. The boundary
conditions are zero vertical displacement at the base of the underburden and zero
horizontal displacement at the top surface. It has been shown that the top surface is
stress-free, except for the shear stress components x z and yz, which are almost zero for
common basin configurations where the overburden is much thicker than the reservoir.

The pressure distribution in the reservoir is assumed symmetrical around the z-
axis, in which case the pressure can be represented by a double Fourier cosine series.
The model provides a solution for the displacement, the strain and the stress as a
superposition of contributions from each term in the Fourier series. It is shown that the
bulk strain in the overburden and the underburden is zero, and that the bulk strain in the
reservoir layer is proportional to the fluid overpressure. By means of this property of
the bulk strain, a Fourier series solution is derived where the fluid flow and mechanics
are fully coupled.

The contribution from each term in the Fourier series is proportional to the amplitude
and a factor of proportionality that is a function of the average wavelength and the
layer thicknesses. These factors provide insight into how the fluid pressure deforms
the layers with respect to wavelengths and layer thicknesses. It is seen that only terms
in the Fourier series with average wavelengths larger than 27 times the thickness of the
reservoir (A >> 2 hj) produce an expansion of the reservoir. A second condition must
be fulfilled for the expansion of the reservoir to produce a surface uplift, which is that
the average wavelength must be larger than 27 times the thickness of the overburden
(A > 2mh3). When the second condition is not fulfilled, the expansion of the reservoir
does not reach the surface. The expansion of the reservoir can also press down the
underburden in this case.

The surface uplift can be written in the same form as the one-dimensional vertical
reservoir expansion, where the fluid pressure is based on the Fourier series for the
reservoir pressure. This expression shows that the surface uplift in this model can
never be larger than the expansion of the reservoir. The analytical expressions for the
surface uplift are compared with the numerically computed surface uplift for a case
where the reservoir is resting on a rigid basement, and the match is excellent.

The model predicts a discontinuity in the xx and yy components of the stress tensor
at the top and the base of the reservoir. Furthermore, ‘short’ wavelengths (A < 2w h3)
in the Fourier series for the fluid pressure produce a stress at the base of the overburden
with nearly the same strength as the amplitude in the Fourier series, but the stress does
not extend far upwards into the overburden. Terms with ‘long’ average wavelengths
(X > 2mh3) produce negligible stress in the overburden.

Itremains to study how the model eventually can be extended to layers with different
mechanical properties.
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Appendix: Derivation of the Solution

For each of the three spatial directions, the equations for the displacement field (8)
can be written as follows

Pu  %u  u 3%v 32
(2+V)—2+8—2+82+(1+J/) +( +)/) =S, (65)
2 2 21} 32 2w
2+(2+)/) 2+(1+)/)—+( + )_ZS\H (66)
dx Tz :
82 82 2 2 82
Sk 2+(+y)—+(+y) — 1ty )—v=0, 67)
ax dy

where the source terms on the right-hand side are

9

S, = %£ = —%kl sin(k;x) cos(kay), (68)
9

S, = %£ = —%kz cos(kix) sin(ky). (69)

for the fluid pressure (14).

Homogeneous Solution

Equations (65)—(67) are solved for one layer, and the one-layer solution is used to build
a three-layer solution. The one-layer solution is the sum of a homogeneous solution
(Sy = 8y = 0) and a special solution with nonzero pressure terms. A homogeneous
solution for the displacement field has the form

u = uj exp(cz) sin(kix) cos(kay), (70)
v = vy exp(cz) cos(kyx) sin(kay), (71)
w = wj exp(cz) cos(kix) cos(kay). (72)

Inserting expressions (70—72) into equations (65—-66) for the displacement field gives
a linear system of equations

Al v | =0, (73)
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where A is
—Q+ Yk -k +c? — (1 4+ Y)kiko — (1 4+ )kic
A= — (1 4+ Y)kikr — k= Q4+ k3 + 2 — (1 4+ )kac
— (1 4+ y)kic — (1 + ke k=K +Q2+y)c?

The system of linear Eq. (73) has a nonzero solution for the vector [u1, vi, wi] when
det(A) = 0. If the determinant of A is zero, then

=13+ K3, (74)
and the linear Eq. (73) implies that the coefficients u, v; and w; are related by
kiuy + kpvy + cwy; = 0. (75)

The same procedure can be applied for a homogeneous solution of the displacement
field of the alternative form

u = up exp(—cz) sin(kix) cos(kay), (76)
v = vy exp(—cz) cos(kix) sin(kay), 77)
w = wy exp(—cz) cos(kyx) cos(kyy), (78)

where det(A) = 0 once more implies = k% + k%, and where

uz
Al v | =0, (79)
wr
now implies that
kiuy + kpvy — cwy = 0. (80)

A Special Solution

A special solution of (65)—(67) is searched of the form

u = Asin(kyx) cos(kay), (81)
v = Bcos(kyx) sin(kay), (82)
w=0. (83)

Inserting the displacements (81)—(83) into equations (65)—(66) gives the following
equations for the unknowns A and B

kiapo
G

((2+y)k%+k§)A+(1 +y)kikoB = (84)
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koo
(1 + )kika A + ((2 F )k + k%) B = 2G”°, 85)
which have the solution

k
A=_2P0 FL (86)

Q+y)G ¢

k
apo 2 (87)

Bp=_"P
Q2+y)G c?

The General Three-Layer Solution

The full solution for the displacement field is built from one solution for each of the
three layers. The underburden (0 < z < z;) has the displacement field

u(x,y,z) = (uy exp(cz) + uz exp(—cz)) sin(kyx) cos(kzy), (88)
v(x,y,2) = (v1 exp(cz) + v2 exp(—cz)) cos(kix) sin(k2y), (89)
w(x,y,z) = (wy exp(cz) + wy exp(—cz)) cos(kix) cos(kay), (90

The reservoir layer (z; < z < zp) with the fluid pressure (14) has the displacement
field

k
u(x,y,z) = <u3 exp(cz) + ugexp(—cz) + D1?1> sin(k1x) cos(kay), (91)
k
v(x,y,2) = (vg exp(cz) + vqexp(—cz) + Dl?z) cos(k1x) sin(kay), (92)
w(x,y,z) = (w3zexp(cz) + wq exp(—cz)) cos(kx) cos(kay), 93)

where the coefficient

1
Dy =-- &, (94)
c 2+y)G

represents the change in fluid pressure (14). The overburden (z2 < z < z3) has the
solution

u(x,y, z) = (usexp(cz) + ug exp(—cz)) sin(k; x) cos(k2y), 95)
v(x,y,z) = (vsexp(cz) + vg exp(—cz)) cos(kix) sin(kay), (96)
w(x,y,z) = (wsexp(cz) + we exp(—cz)) cos(kx) cos(kzy), o7
There are 18 unknown coefficients u;, v; and w; for i = 1,...,6 in the solu-

tion (88)—(97). These are found from the boundary conditions (13), the continuity
in the displacement field across the layer boundaries, and algebraic constraints, such
as Egs. (75) and (80).
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The Solution for the Coefficients in the Three-Layer Solution

The coefficients in the three-layer solution are related by (75) and (80), and all six
relations for the three layers are

kiuy + kpvy + cw; =0, (Underburden) (98)
kiup + kpvy — cwp = 0, (Underburden) (99)
kiuz + kpvy + cwz = 0, (Reservoir) (100)
kiug + kpvgy — cwg = 0, (Reservoir) (101)
kius + kpvs + cws = 0, (Overburden) (102)
kiug + kpvg — cweg = 0, (Overburden) (103)
The boundary condition at the base, w(z = 0) = 0, implies that w; = —w;. The

boundary conditions at the surface, u(z = z3) = 0and v(z = z3) = 0, imply

—exp(2¢z3)us, (104)
ve = —exp(2c¢z3)vs. (105)

ug

These expressions for ug and vg are inserted into (103), and then, with the help of (102),
it gives

we = exp(2cz3)ws. (106)
The displacement field is continuous at the base and the top of the reservoir at the

vertical positions z = z1 and z = z, respectively. The continuity at the top of the
reservoir layer gives

k
u3eczz + u4e—czz + Dl—l — (eczz _ eZcz3—czz) us, (107)
c
c22 —cz22 k_2 _ ( cz2 _ J2cz3—c22
v3e“? 4+ v4e + Dy =le e vs, (108)
c
w32 + wye 2 = (eczz _ 82013—012) ws, (109)
and similarly, for the base of the reservoir
uze 4+ uge” 4 Dl—l = u1e! + ure 1, (110)
c
k .
V3 4 vge T 4 D1—2 = 01! 4 vpe (111)
c
w3e 4+ wae %! = wq sinh(czy), (112)

where w1, wa, ug, Ve and we are removed from the system. In order to simplify the
process of obtaining the unknown coefficients u;, v; and w; fori = 1,...,6, the
following relations are conjectured
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uy =kiFy, vy =kyFy, (113)
uy =kiFp, v2=kyFp, (114)
us =k F., wv3=kF,, (115)
us =k Fg, v4=kF,. (116)

Inserting the conjectures (113)—(114) into the relations (98)—(101), respectively, gives
that

wo wo w3 w4y

Fp=——, Fp=——, F,=—— and F;=—, (117)
2¢ 2c c ¢
and it gives that
k] k2
= ——wp, = ——wyp, 118
“ 20w0 vl 2cw0 (1
ki k2 (119)
Uy = ——wop, V) = ——Wwo,
2 2 0 2 2c 0
k k
U3z = __1w3’ V3 = ——211)3, (120)
C C
k] k2
Ug = —wyq, V4 = —W4. (121)
C C

The coefficients for the lateral displacements are now expressed by coefficients for
the vertical displacement. The coefficients u5 and vs follow from the interface rela-
tions (107) and (108), respectively.

Next, the interface relation (110) is multiplied by k1, and the interface relation (111)
is multiplied by k>. These relations are then added together, and by using relations (100)
and (101), it gives that

w3e?t — wae” ! — Dy = cosh(czy)wy. (122)

Similarly, the interface relations (107) and (108) are multiplied by k; and k», respec-
tively, then added, and once more by the relations (100) and (101) give that

w3e? — wae 2 — Dy = (eczz - 82“3_“2) ws. (123)

It gives four equations, the interface Eqgs. (112) and (109), in addition to the two
Egs. (122) and (123), for the four unknowns wq, w3, w4 and ws. The pair of Egs. (112)
and (122) give that

1 —CZ] 1

w3 = Ee Dy + Ewo, (124)
1 2 1

w4 = —ze 1D — Ewo, (125)
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and similarly, Egs. (112) and (122) give that

1
w3 = Eefczle + ws, (126)

1
wy = —2¢“ Dy + S ws. (127)

These two pairs of expressions for w3 and wy are useful in deriving these coefficients
from either wy or ws. Finally, these two alternative expressions give that

cosh(czs — ¢zp) — cosh(czz — cz1) D
cosh(czz)
sinh(czp) — sinh(cz1)

= D;. 129
w5 I+ exp(2e23) 1 (129)

wo = 1, (128)

The coefficients wo and w5 give w3 and w4 from the pair of equations (124)—(125) or
(126)—(127). Then, the coefficients u; and v; fori = 1, 2, 3, 4 are obtained from w3
and wy using relations (118)—(121). The coefficients u5 and vs are found from interface
relations (107) and (107), respectively, and finally, u¢, vs and wg are obtained from
Egs. (104)—(106), respectively.

Summary of the Coefficients

The 18 coefficients u;, v; and w; fori = 1, ..., 6 for the three-layer model are listed
below.

cosh(czz — czp) — cosh(czz — ¢z1)

= Dy, 130
W 2 cosh(cz3) ! (130)
wy = —wi, (131)

1
w3 = Eexp(—CZI)Dl + wi, (132)
1
wy = -5 exp(cz1) D1 — wi, (133)
inh — sinh
ws = sinh(cz) — sin (CZI)DI, (134)
1 4+ exp(2cz3)
we = exp(2cz3) ws, (135)
k
u = ——wy, (136)
C
k
C
k
Uz = ——ws, (138)
C
k
g = —wy, (139)
C
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us

ue

ki exp(—cz3) (w3 exp(cz2) — wq exp(—cz2) — Di)

c 2sinh(cz3 — cz2)
= —exp(2cz3) us,

V] =

v2

V3 =

v4

Us

V6

ky exp(—cz3) (w3 exp(cz2) — wy exp(—cz2) — D1)

c 2sinh(czz — cz2)
= —exp(2cz3) vs.

)

)

(140)
(141)
(142)

(143)
(144)
(145)

(146)
(147)

It can be seen that some coefficients depend on the coefficients listed previously.
All coefficients can be traced backward to either w; or ws. They are therefore all
proportional to the pressure perturbation, Dj. The following form of the coefficients
is compact and very well suited for programming. It is straightforward to obtain the

solution in the form given in Sect. 10 using the coefficients (130)—(147).

Strain

The solution for the displacement field, Egs. (16)—(29), gives the following expressions
for the strain g;; = %(ui,j +uji).
The strain in the underburden (0 < z < z7) is

The strain in the reservoir layer (z; < z < z») with overpressure is

@ Springer

kZ
Exx = ——éDopoFl cosh(cz) cos(kyx) cos(kay),
C

kZ
Eyy = —c—gDopoFl cosh(cz) cos(kyx) cos(kay),

&;; = DopoFj cosh(cz) cos(kix) cos(kay),

kik
Ery = %Do poF cosh(cz) sin(kyx) sin(kay),

k
gy, = —?zDopoFl sinh(cz) cos(kyx) sin(kay),

k
Ex; = —?lDopoFl sinh(cz) sin(k1x) cos(kay).

k2
exx = 3 Dopo (1 = F2(2)) cos(kix) cos(kay),

(148)

(149)
(150)
(151)

(152)

(153)

(154)
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2

k

Eyy = c—%Dopo (1 — F»(2)) cos(kx) cos(kay), (155)

&2z = DopoF2(2) cos(kix) cos(kzy), (156)
kik . .

Exy = —i—zzDopo (1 — Fa(z)) sin(ky x) sin(k2y), (157)
k .

€y = —?zDopoFa(Z) cos(kyx) sin(k2y), (158)
k .

Exz = —?lDopoFa(z) sin(kyx) cos(kzy). (159)

The strain in the overburden (z2 < z < z3) is

2

k
Erx = c—éDop0F4 sinh(cz3 — cz) cos(kix) cos(kzy), (160)
k2
Eyy = C—%Do poFusinh(czz — cz) cos(kix) cos(kay), (161)
&;; = —DopoF4sinh(czz — cz) cos(kyx) cos(kyy), (162)
kik
£y = —%Do poFysinh(czz — cz) sin(kyx) sin(kay), (163)
k
Ey; = —?zDopoF4 cosh(czz — ¢z) cos(k1x) sin(kzy), (164)
k
Exz = —%DopoF;; cosh(czz — cz) sin(k1x) cos(kay). (165)

One observes that both the underburden and the overburden have zero bulk strain
& = €xx + &yy + €;; = 0, and that the reservoir has a bulk strain proportional to the
pressure, ¢ = Dgpg cos(kjx) cos(kay).

Effective Stress

The effective stress follows from the strain computed in the preceding subsection
when inserted in the constitutive law (7). The fact that there is a zero bulk strain in the
overburden and the underburden simplifies the expressions for the effective stress in
these two layers.

The effective stress in the underburden (0 < z < z7) is

k2
r;)lc) = —2C—éGD0poFl cosh(cz) cos(kyx) cos(kzy), (166)
kZ
r)(,;) = —2—§GD0poF1 cosh(cz) cos(kyx) cos(kzy), (167)
c
rz(zl) = 2G Do po F1 cosh(cz) cos(kyx) cos(kay), (168)
kik
o) = 2222 G.Dy po Fy cosh(cz) sin(kyx) sin(kay), (169)
C
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k

i) = —222G Do po Fy sinh(cz) cos(kix) sin(kay), (170)
’ C
k

D = 271G Dy po Fy sinh(cz) sin(kix) cos(kay). (171)
C

Xz

The effective stress in the reservoir (z; < z < zp) is

k2
) = (A + 2Gc—; (1- Fz(z))> Do po cos(kix) cos(kay), (172)
k2
) =|A+ 2G =2 (1 — F2(2)) | Dopo cos(kyx) cos(kay), (173)
C
') = (A +2G F5(2)) Do po cos(kyx) cos(kay), (174)
kik
r)) = =257 GDopo (1 = Fa(2)) sin(kix) sin(kay). (175)
i) = —Z?GDopoF3(z) cos(kix) sin(kay), (176)
k .
) = —Z?IGDO poF5(z) sin(k; x) cos(kay). (177)

The effective stress in the overburden (z; < z < z3) is

D = 2k G Do po F4 sinh(czz — cz) cos(kix) cos(kay), (178)
) = 2k G Do poFy sinh(cz3 — cz) cos(k1x) cos(kay), (179)
rz(zl) = —2GD0p0F4 sinh(czz — ¢z) cos(k1x) cos(kay), (180)
1:;;) = k1k2 —5-GDopoFy sinh(cz3 — c¢z) sin(kyx) sin(kyy), (181)
i) = —2’%(}1)0 poF4 cosh(czz — cz) cos(kix) sin(kay), (182)
D= —21%000 poFycosh(czz — cz) sin(kix) cos(kay). (183)

The stress is a[.(/.l) T (/ in the underburden and the overburden, because three is no

change in the fluid pressure in these two layers. In the reservoir, the stress is obtained
from the definition of the effective stress, Eq. (6), as 0(1) .(1 ) aps; j» where the
reservoir overpressure is given by (14). It is stralghtforward to check that the stress

( ) in each layer fulfills the equilibrium Eq. (3).
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