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Abstract

The decomposition proposed by Lumley in 1966 is applied to a high Reynolds number turbulent

boundary layer. The experimental database was created by a hot-wire rake of 143 probes in the

LML wind tunnel. The Reynolds numbers based on momentum thickness (Reθ) are 9800 and 19 100.

Three-dimensional decomposition is performed; namely proper orthogonal decomposition (POD) in

the inhomogeneous and bounded wall-normal direction, Fourier decomposition in the homogeneous

spanwise direction and Fourier decomposition in time. The first POD modes in both cases carry

nearly 50% of turbulence kinetic energy when the energy is integrated over Fourier dimensions. The

eigenspectra always peak near zero frequency and most of the large scale, energy carrying features

are found at the low end of the spectra. The spanwise Fourier mode which has the largest amount of

energy is the first spanwise mode and its symmetrical pair. Pre-multiplied eigenspectra have only one

distinct peak and it matches the secondary peak observed in the log-layer of pre-multiplied velocity

spectra. Energy carrying modes obtained from the POD scale with outer scaling parameters. Full

or partial reconstruction of turbulent velocity signal based only on energetic modes or non-energetic

modes revealed the behaviour of urms in distinct regions across the boundary layer. When urms is

based on energetic construction, there exists (a) an exponential decay from near wall to log-layer,

(b) a constant layer through the log-layer and (c) another exponential decay in outer region. The

non-energetic construction reveals that urms has (a) an exponential decay from the near-wall to the

end of log-layer, and (b) a constant layer in outer region. Scaling of urms using the outer parameters

is best when both energetic and non-energetic profiles are combined.
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I. INTRODUCTION

Lumley1 introduced the idea of an optimal projection based on energy into the field of

turbulence as a quantitative and unbiased method of identifying and studying the large scale

energy containing features in turbulent fields. For fields of finite total energy, solutions to

Lumley’s integral equation are proper and orthogonal, hence the term POD emerges. And this

term is often used (incorrectly) to describe the more general solutions to his integral equation

which will be applied herein.

The general Lumley decomposition provides an optimum deterministic description of the

field, the so-called eigenvalues and eigenfunctions (or eigenmodes). These are the solutions

obtained by seeking the largest projection onto the stochastic velocity field of turbulence in a

mean square sense. Maximization of the projection results in an integral value problem, the

Lumley integral equation2 for which the kernel is the two-point cross-correlation tensor of the

velocity field. Deterministic description of the field provided by the Lumley decomposition has

been found to be very efficient at extracting the most energetic modes of the flow and ordering

them according the their energy content3–10.

Even though the Lumley decomposition was introduced as an optimal and a mathematical

way of breaking different scales of turbulent motion apart, utilization of the method took some

time, mainly due to difficulties associated with the measurement and computation of the two-

point cross-correlations tensor. As pointed out by George11, it needs sufficient information on

the two-point cross-correlation tensor so that a complete space-time realization of the turbulence

velocity field can be obtained. Computation of the statistically converged cross-correlation

tensor from the measured velocities with sufficient information is difficult in terms of computing

power and speed capabilities, even now and especially was a serious limitation a few decades

ago.

The first partially successful experimental implementation was for pipe flow12, and used only

the inhomogeneous direction perpendicular to the wall for a POD decompoisition. However, it

was almost two decades after Lumley’s proposal1 that the full potential began to be realized

in the 1980s for high Reynolds number axisymmetric mixing layer3,4,13,14 and for low Reynolds

number pipe flow15. Since then, experimental utilization of various partial decompositions have

been widely used to decompose the turbulent flows into different scales of motion. Moin and
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Moser16 applied the POD on a database created by the direct numerical simulation (DNS) of

low Reynolds number turbulent channel flow and extracted the most energetic characteristic

scales of turbulence.

One of the most striking features of the POD is its ability to describe the energetic large scale

features with only a few eigenmodes in an optimal manner, especially if the flow is first decom-

posed into its Fourier modes in the periodic or homogeneous directions. Free shear turbulent

flows have been investigated extensively using the combined Fourier-POD technique3–10,17–20.

Glauser14 showed that the orthogonal decomposition was very efficient in organizing the large

scale structures in the axisymmetric mixing layer. The first POD mode contained 40% of the

total turbulence kinetic energy. The energy content of the first three POD modes was about

80% in total. These initial results were based on measurements using hot-wire rakes of single

wire probes. The capability of the POD to capture most of the turbulence kinetic energy by

a few orthogonal eigenmodes led a number of research groups to apply this technique, initially

to canonical flows, but later to flows in more complex geometries21,22.

By contrast to the amount of research conducted using the POD in turbulent free shear

flows (mainly experimental), there have been only a limited number of applications carried out

for the wall bounded flows, and these are reviewed in the next section below. This is mainly

because of the experimental difficulties in such flows imposed by the required number of hot-wire

rakes of many probes, or the statistical convergence problem of numerical simulations. With

the advent of hardware and software developments, particle image velocimetry (PIV), which

provides three-dimensional velocity information on a plane, has recently become a very useful

tool in measurements of the two-point cross-correlation with very high spatial resolution. These

have been used for channel flow23, pipe flow24 and flume25 experiments to be able to perform

the POD analysis on the obtained data. Numerical studies which can be found in the literature

are also primarily for the channel flow simulations. There has been no research analyzing high

Reynolds number turbulent boundary layers using the powerful features of the classical POD.

Therefore, our work described in this paper is unique.

As it is clear from above discussions, the combined Fourier-POD is very efficient in capturing

the maximum amount of turbulence kinetic energy with minimum number of modes, at least if

the field is of finite total energy and limited extent. We therefore implement this methodology
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to analyze the velocity measurements of the streamwise component of high Reynolds number

zero pressure gradient turbulent boundary layer data obtained by using a hot-wire rake of 143

single wire probes.

Our data set and analyzes are different from the previous research conducted on the wall

bounded flows: first because it is a high Reynolds number turbulent boundary layer flow, and

second because it is of very large extent so that a large probe array could be utilized. In

the sections following the historical review, the background theory and implementation of the

method are discussed. Then the eigenspectra and turbulence kinetic energy distributions from

the POD analysis are presented. Finally, the instantaneously measured streamwise velocity

fluctuations are projected back onto the empirical eigenfunctions in order to reconstruct the

velocity field, and break it into its different scales of motions.

II. HISTORICAL REVIEW

The first POD application on the wall bounded flows by Bakewell and Lumley12 investigated

the near wall region of turbulent pipe flow up to y+ of 40. The Reynolds number based on

the pipe diameter was 8700, and glycerine was used as working fluid to be able to study the

viscous sublayer near the wall. Hot-film anemometers were employed for the measurements

of streamwise velocity fluctuations only along a single line perpendicular to the wall. They

inferred the most dominant large scale structure of the flow using mixing length theory and the

continuity equation. They were only able to obtain the first eigenmode because of the inaccuracy

of the measured two-point space-time correlations. Later, in a subsequent experiment in the

same facility, Herzog15 measured two components of the velocity, namely the azimuthal and

the streamwise components. The missing five members of the cross-correlation tensor were

obtained utilizing the general symmetry properties in connection with the continuity equation.

The measurement grid was established using six points in wall-normal direction up to y+ of 40,

seven points in the streamwise direction of to x+ of 49, six points in the azimuthal direction up

to z+ of 136. He reported that the most dominant mode contained 50% or more of the kinetic

energy due to streamwise velocity component, and first three POD modes contained more than

90% of the turbulence kinetic energy because of the streamwise fluctuations.

Following these experimental studies, the most detailed POD study in the wall bounded
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turbulence came from Moin and Moser16 and they studied a database of direct numerical simu-

lation of turbulent channel flow using both scalar and vectorial decompositions in one or more

dimensions. The Reynolds number based on the friction velocity and half channel height was

180, corresponding to the Reynolds number of 3200 based on centerline mean velocity and half

channel height. They were able to show that the energy carried by the first eigenmode, regard-

less of the number of dimension included in the analysis, was 30-50% of the total turbulence

kinetic energy when the half channel was taken into account. The contribution of the first three

POD modes changed from 50% to 75% depending on the number of dimensions. They also

used shot-noise decomposition and were able to extract the most dominant characteristic eddy,

which had 76% of the total turbulence kinetic energy.

Liu et al.23,26 studied the turbulent channel flow by experimental utilization of the POD

method. One of the Reynolds numbers tested was much higher than the previous investiga-

tions listed above, i.e., 5378 and 29 935 when computed using bulk velocity and the channel

height. PIV was used as an experimental tool with high spatial resolution to measure the two

components of turbulent velocity field, namely streamwise and wall-normal components. The

first study23 focused on the similarity of the eigenspectra and eigenfunctions in the outer layer

of the turbulent channel flow, and showed that the proper scaling of the eigenspectra using the

friction velocity and outer length scale results in a collapse in the eigenspectra. The second

paper26 was more thorough and did detailed analyzes on the energy and Reynolds stress dis-

tribution over different eigenfunctions. For both of the Reynolds numbers investigated, they

reported that the energies of first 6 and 12 eigenmodes were approximately 35 and 50% of the

total turbulence kinetic energy respectively. They also noted the Reynolds stresses due to these

6 and 12 eigenmodes were approximately 50% and 70% of the total Reynolds stress within the

domain respectively. The large scale motions of turbulence represented by the low eigenmodes

with high turbulence kinetic energy had wavelengths longer than three times the half channel

height.

Bailey and Smits27 used the POD and azimuthal Fourier modes to investigate large- and very

large-scale motions in turbulent pipe flow at Reynolds number of 1.5×105, which was based

on the pipe diameter and area-averaged velocity across the cross-section. The measurements

were conducted using a pair of single sensor hot-wire probes sampling at different radial and
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azimuthal positions to be able to obtain the cross-correlations. The first POD mode in this case

carried about 75% of turbulence kinetic energy. Because of the periodicity of the flow in the

azimuthal direction, Fourier series expansion was possible. As shown in the paper, they found

the azimuthal mode number 3 to be the most dominant mode. They also observed no clear

separation in eigenspectra for large and very large scale motions as present in pre-multiplied

one-dimensional wavenumber spectra. Following this, Hellström and Smits24 and Hellström et

al28 used snapshot POD and investigated structures of turbulent pipe flow, focusing in particular

to attached eddies and large scale motions. In a recent study, Baltzer et al.29 investigated large

and very large scales of motion using DNS of a fully developed incompressible turbulent pipe

flow at Reynolds number, based on bulk velocity and pipe diameter, of 24580. They performed

POD analysis in order to identify the most energetic modes and to describe the structural

organization in the flow. In particular, they showed the relation between roll cells, very large

helical scales and elongated streaks to particular POD modes.

Our study, by contrast with those described above, utilizes the full three-dimensional ’slice-

POD’ utilized by Citriniti and George5. Only the streamwise dimension is missing (since the

downstream position was fixed). But, because of the relatively low turbulence intensity, the

time-dimension is more representative of streamwise spatial variations. To avoid confusion

with Taylor’s hypothesis interpretations, we have presented the time data in frequency space.

Recently George2 has raised concerns about whether any missing dimension aliases information

into the eigenfunctions in the other directions. We have tried to point out where this may be

the case.

III. EXPERIMENTAL SETUP

The experimental database used for the proper orthogonal decomposition analysis in this

paper has previously been documented in detail by Tutkun et al.30,31 and Coudert et al.32.

Therefore, here we only present a summary of the experimental setup and flow characteristics.

The Laboratoire de Mécanique de Lille (LML) wind tunnel was used to measure the turbulent

boundary layer at high Reynolds numbers. Measurements were carried out using a hot-wire rake

of 143 single-wire probes. The test section has a constant cross-section area and its dimensions

are 21.6 m in length, 2 m in width and 1 m in height. A detailed description of the wind tunnel
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FIG. 1. Hot-wire rake of 143 probes in the LML wind tunnel.

together with its basic flow characteristics are documented in papers published by Stanislas

and his group33,34.

Two Reynolds numbers, achieved by only changing the freestream velocity, were tested over

a flat plate (the bottom wall of the tunnel). The Reynolds numbers based on momentum

thickness, Reθ = U∞θ/ν, were 9800 and 19 100 for freestream velocities (U∞) of 5 m s−1 and 10

m s−1 respectively. The boundary layer thicknesses, δ, at the measurement location, which was

18 m downstream of the entrance of test section, were 0.30 m and 0.32 m at Reynolds numbers

of 19100 and 9800 respectively. The friction velocities were measured using a micro-PIV system,

and uτ were 0.354 m s−1 and 0.183 m s−1 at high and low Reynolds numbers respectively. This

results in approximately equal uτ/U∞ for the Reynolds numbers tested in this study.

The hot wire rake used in this investigation is shown in figure 1. The main purpose of

measuring the turbulent boundary layer using an array of hot-wire probes was to obtain both

spatial and temporal information about the flow simultaneously. The rake covered an area

of approximately 30×30 cm2 perpendicular to the streamwise direction. The probes were

distributed over 13 vertical combs, which were staggered in the spanwise direction symmetrically

around the center comb. The center comb was located in the middle of spanwise width of the

tunnel and therefore corresponded to z=0. The symmetric pairs of the vertical combs were

distributed at ±4 mm, ±12 mm, ±28 mm, ±60 mm, ±100 mm and ±140 mm. Each of these
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vertical combs carried 11 hot wire probe sensors in total. The spacing between the probes in

wall-normal direction was logarithmic. Position of the probes with respect to the wall (y=0)

were 0.3 mm, 0.9 mm, 2.1 mm, 4.5 mm, 9.3 mm, 18.9 mm, 38.1 mm, 76.5 mm, 153.3 mm,

230.1 and 306.9 mm. Therefore, the closest point of measurement at the wall corresponded to

y+ of 3.7 and 7 for Reynolds numbers of 9800 and 19 100 respectively. The coordinate points

listed above are essentially the coordinates the rake was designed for. However, there were some

manufacturing imperfections at the probe locations in the wall-normal direction, particularly in

the vicinity of the wall. Therefore, the precise location of each probe were found by illuminating

the tips of the probes using a laser sheet and taking a picture of the rake (or the tips of the

probes) using two high resolution, overlapping cameras (1376×1040 pixels with pixel size of 6.7

µm). The uncertainty in finding the precise location of the probes was 0.03 mm with a 95%

confidence level.

Detailed analysis of the blockage introduced by the rake was carried out and published by

Coudert et al32. They performed a series of careful measurements of the flow both with and

without the hot-wire rake in place in the wind tunnel. They observed that the disturbance

caused by the rake only affected the mean velocity field, whereas the turbulence statistics were

unaffected. Therefore, they concluded that the blockage at both velocities was a potential flow

disturbance which was further verified quantitatively by a model based on complex potential.

The model shows that the blockage is only on the mean velocity field. Further comparison

between the disturbed and undisturbed fields using both single-point and two-point turbulence

statistics also supported this.

The probes were in-house developed by Laboratoire d’Etudes Aérodynamiques, Université

de Poitiers, UMR CNRS 6609, ENSMA. The sensing elements were 0.5 mm in length, `, and

0.25 µm in diameter, d, corresponding to wire length and diameter in wall units, `+ (= `uτ/ν)

and d+ (= duτ/ν) of 11.8 and 0.006 for Reθ of 19 100, and 6.1 and 0.003 for Reθ of 9800

respectively. The vertical combs were made of 1.8 mm thick, double sided conventional circuit

boards. This method for constructing hot-wire rakes of many probes was previously used for

multi-point measurement in turbulent flows14,17,18.

The probes on the hot wire rake were operated using an in-house developed, multi-channel,

constant temperature anemometer (CTA) system. More details on the design and performance
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of the system were documented by Woodward35. The same system was used extensively to

perform multi-point hot wire measurements5–7 because of its capability of measuring the spectra

and related statistics with a very low noise-to-signal ratio, no thermal drift over time and no

cross-talk between the channels36.

During the experiments the hot-wire anemometer output voltages from 143 channels to-

gether with tunnel temperature, tunnel dynamic pressure and synchronization signal for the

anemometry system were recorded at 30 kHz simultaneously for 6 seconds long blocks, corre-

sponding to sampling interval in wall units (∆t+) of ∼0.27 at Reθ of 19 100 and that of ∼0.07

at Reθ of 9800 (where ∆t+= ∆tu2.
τ /ν). Since this study focuses on energetic modes of the

turbulent boundary layer which are on the low end of the frequency (or wavenumber) domain,

we utilized a low-pass digital filter to remove any possible high frequency noise seen in the

spectra. The digital filter, a 9th order Butterworth filter, was designed using Matlab signal

processing toolbox and the cut-off frequency was set at 3 kHz of high Reynolds number case

and 1.5 kHz for low Reynolds number case, because most of our interest lies up to only a few

hundred Hertz.

IV. EXPERIMENTAL IMPLEMENTATION OF THE POD

A. Formulation of the POD for Turbulent Boundary Layer

The full four dimensional representation of the Lumley integral37 in a Cartesian coordinate

system is given by:

∫
D

Ri,j(x, x
′, y, y′, z, z′, t, t′)φj(x

′, y′, z′, t′)dx′dy′dz′dt′ = λφi(x, y, z, t) (1)

where x, y, z and t denote coordinates in streamwise, wall-normal and spanwise directions and

time respectively. The prime (′) represents a different position in space and time. The kernel

of the equation, which is the two-point cross-correlation tensor, can be written as:

Ri,j(x, x
′, y, y′, z, z′, t, t′) = 〈ui(x, y, z, t)uj(x′, y′, z′, t′)〉 (2)

where the subscripts i and j are indices and represent appropriate velocity components. Because
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the statistically two-dimensional turbulent boundary layer is stationary in time and homoge-

neous in the spanwise direction, the two-point cross-correlation tensor reduces to only a function

of separations in spanwise direction and time:

R̃i,j(x, x
′, y, y′,∆z, τ) = Ri,j(x, x

′, y, y′, z, z′, t, t′) (3)

where ∆z = z′ − z and τ = t′ − t. Since the Lumley integral reduces to harmonic decomposi-

tions in the homogenous and stationary directions, these directions can be removed by taking

the Fourier transform of the two-point cross-correlation tensor given in equation (3). Fourier

transformation in time, t, and the homogeneous direction, z, yields the two-point cross-spectral

tensor:

Si,j(x, x
′; y, y′; k; f) =

1

2π

∫ ∞
−∞

∫ ∞
−∞

R̃i,j(x, x
′; y, y′,∆z, τ)e−i(2πfτ+k∆z)dτd(∆z) (4)

where f is the frequency corresponding to τ and k is the spanwise Fourier mode number

corresponding to ∆z.

Since only one downstream location is considered as in this paper, the streamwise depen-

dence of the two-point cross-spectral tensor in equation (4) can be treated as a parameter.

The resulting POD integral equation has been called the slice-POD3,5,6,8,10,19. The slice POD

equation in our study can be written as:

∫
y′
Si,j(y, y

′; k; f)φ∗j(y
′; k; f)dy′ = λ(k; f)φi(y; k; f) (5)

where λ(k; f) and φi(y; k; f) represent the eigenspectra and eigenfunctions for each spanwise

mode and frequency, respectively. Since the integration is performed over the wall-normal

coordinate direction, the domain is bounded by the boundary layer thickness, δ; hence it is of

finite total energy and truly a POD integral.

As detailed in many other sources1,11,38, if the field of interest is bounded and of finite energy,

then the Hilbert-Schmidt theory applies. Solution of the integral equation given in equation (5)

in the domain of finite energy produces denumerably many solutions (φis in this case) instead

of a single solution. There is a pair of λ (eigenvalue) and φi (eigenfunction) for each of these

denumerable solutions. Therefore, equation (5) can be written as:
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∫
y′
Si,j(y, y

′; k; f)φ
∗(n)
j (y′; k; f)dy′ = λ(n)(k; f)φ

(n)
i (y; k; f) (6)

where n = 1, 2, 3, . . . and represents the solution index, or POD mode number.

B. Reconstruction of the Velocity Field

It is possible to reconstruct the instantaneous velocity field of turbulence using the determin-

istic POD eigenmodes together with their random coefficients, which are obtained by projecting

the velocity field onto the deterministic eigenmodes. Only the streamwise velocity component

can be reconstructed in our study. Since the kernel, S1,1(y, y′; k; f), is written as a function of

spanwise Fourier mode number, k, and frequency, f , the resulting eigenfunctions and eigenval-

ues are also functions of these two parameters as described in the previous sections. Therefore,

reconstruction of the velocity field begins by finding the random coefficients, a(n)(k, f), by pro-

jecting the eigenfunctions onto the doubly Fourier transformed velocity fluctuations as follows:

a(n)(k, f) =

∫ ∞
0

ˆ̂u(y, k, f)φ(n)∗(y, k, f)dy (7)

where the integration is performed in the inhomogeneous wall-normal direction using the trape-

zoidal rule. The upper limit of integration is replaced by the boundary layer thickness, δ. The

fluctuating velocity is transformed into the Fourier domain, first in time and second in the

homogeneous spanwise direction to obtain ˆ̂u(y, k, f); i.e.,

ˆ̂u(y, k, f) =

∫ ∞
−∞

∫ ∞
−∞

u(y, z, t)e−i(2πft+kz)dzdt (8)

The experimental utilization of the second Fourier transformation in the spanwise direction

is rather difficult because of the nonuniform grid of hot-wire rake probes as detailed in the

experimental setup chapter. To be able to perform the second Fourier transformation in z, linear

interpolation of the fluctuating velocities at each constant wall-normal location is performed by

the smallest increment available in z-direction. In this way, a uniform grid spaced by 4 mm is

created and subsequent Fourier transformation is applied on this grid. Note that construction

of the kernel, S1,1(y, y′; ∆z; f), (and the resulting eigenfunctions and eigenvalues) are already

on a uniformly spaced grid of 4 mm, because it is possible to create this grid size using different
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vertical combs in connection with the homogeneity of the statistical quantities in the spanwise

direction.

The doubly Fourier transformed streamwise component of fluctuating velocities are obtained

as a linear combination of eigenfunction using the random coefficients obtained by equation (7):

ˆ̂urec(y, k, f) =
N∑
n=1

a(n)(k, f)φ(n)∗(y, k, f) (9)

where subscript ′rec′ stands for “reconstructed”. The reconstructed velocity expressed in terms

of spanwise Fourier modes and frequency can be mapped back into real space in two steps:

(i) Inverse Fourier transformation in frequency:

ûrec(y, k, t) =

∫ ∞
−∞

ˆ̂urec(y, k, f)ei2πftdf (10)

(ii) Inverse Fourier transformation in spanwise Fourier index:

urec(y, z, t) =

∫ ∞
−∞

ûrec(y, k, t)e
ik∆zdk (11)

The fluctuating velocity given by equation (11) can also be reconstructed using some subset

of the POD and spanwise Fourier modes to investigate the dynamics associated with that subset

of modes. This can be achieved by setting the random coefficients of all POD modes out of the

subset of interest to zero, and following the same route from equation (8) to equation (11). If all

POD and spanwise Fourier modes are used for the reconstruction, the original velocity signal

can be recovered within the numerical accuracy. By selecting the most energetic POD and

Fourier modes only, it is possible to study large scale, energy carrying motions of turbulence

using the reduced velocity reconstruction which does not count the intermediate and small

scales.

V. RESULTS

The results presented here and in the rest of the paper are based on a one-component scalar

proper orthogonal decomposition of streamwise component of the turbulent fluctuations, which

was the only measured component during the experiments. Hereafter all reference to the proper

orthogonal decomposition will mean the one-component scalar decomposition.
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FIG. 2. Normalized eigenvalue distribution, ζn, for each POD mode, n. (Note that these have been

integrated over both frequency and wavenumber.)

A. Eigenvalue Distribution over POD Modes

The eigenvalue distribution presented in figure 2 demonstrates that the POD is efficient and

optimal in terms of capturing the largest amount of turbulence kinetic energy by the fewest

modes. Each bar represents the normalized eigenvalues integrated over frequency and summed

over the spanwise Fourier modes. The distribution of eigenvalues is computed as follows:

Percentage of turbulence kinetic energy Reθ =19 100 Reθ =9800

λ(1) 46 46

λ(1) + λ(2) 70 69

λ(1) + λ(2) + λ(3) 83 83

λ(1) + λ(2) + λ(3) + λ(4) 91 91

λ(1) + λ(2) + λ(3) + λ(4) + λ(5) 96 96

TABLE I. Percentage of turbulence kinetic energy captured by the POD modes.
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ζ(n) =

M∑
k=1

∫ ∞
−∞

λ(n)(k, f)df

N∑
n=1

M∑
k=1

∫ ∞
−∞

λ(n)(k, f)df

(12)

where the denominator is the total turbulence kinetic energy at the plane normal to the stream-

wise direction11,16.

Each bar in figure 2 indicates the contribution of the corresponding POD modes to the

total turbulence kinetic energy of the domain. To within experimental error the results at two

different Reynolds number are the same.

Table I presents the percentage of energy contribution of POD modes to the overall turbu-

lence kinetic energy due to only streamwise velocity fluctuations. The results show that the

first five POD modes contain more than 95% of the total energy. If the energy content of the

first four POD modes is investigated, we see that approximately 91% of the total energy is

carried by these three modes. Note that these normalized values are integrated and summed

over frequency and spanwise Fourier modes. This means that each bar in figure 2 is comprised

of 65 536 Fourier coefficients in the frequency domain and 71 harmonic modes in the Fourier

domain corresponding to spanwise direction. Therefore one should always be careful when

assessing a bar graph like figure 2 since it presents an integrated picture. Note that this is

especially problematical for applications of the so-called ’snap-shot POD’, since it mixes all the

Fourier and POD modes together. (George2 has discussed the implications of this, especially

in Appendix 2. Note that all of the results of this paper use the ’classical POD’ and we have

avoided the ’snapshot POD’ altogether.)

As shown in figure 2 and documented in table I, there is no measurable Reynolds number

dependence. Partly this is because both experiments are at relatively high Reynolds numbers

(at least compared to most). And the dominant contribution to the overall energy comes from

the outer part of the boundary layer at these high Reynolds numbers. The two Reynolds

number of this experiment, Reθ of 9800 and 19 100, correspond to δ+ values of 3745 and 7250.

So both δ+ are at or above the threshold value of 3000 suggested by George and Castillo39

(or GC97) for there to be a proper asymptotic outer flow and the beginning of a real overlap

region. Below δ+ of 3000 they expected the Reynolds number effects on the outer flow to be
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FIG. 3. Normalized eigenvalue distribution, ξ(n)(k), for spanwise Fourier modes, k. The eigenvalues

for each k is summed over POD mode numbers, n.

present, and there to be no overlap region at all. These results are certainly consistent with

their suggestions.

B. Eigenvalue Distribution over the POD and Spanwise Fourier Modes

The eigenspectra of the POD modes can be integrated over frequency to investigate the

kinetic energy distribution over the spanwise Fourier modes as shown in figure 3. In this case,

the eigenvalues are presented in their normalized form using (13):

ξ(n)(k) =

∫ ∞
−∞

λ(n)(k, f)df

M∑
k=1

N∑
n=1

∫ ∞
−∞

λ(n)(k, f)df

(13)

where M and N are the maximum number of Fourier modes in the spanwise direction and POD

modes respectively. Each bar in figure 3 denotes the turbulence kinetic energy for a particular

spanwise Fourier mode, which also means that the bars show the eigenvalues summed over POD
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FIG. 4. Eigenspectra, λ(n)(k, f), of the first 2 spanwise Fourier modes (k =0 and 3) for different POD

modes, k, and frequencies, f , at Reθ =19 100.

modes for a given k. Only first 13 spanwise modes (k = 0, 1, . . . , 12) are shown to identify the

relative contribution of the most important spanwise modes clearly. It can be easily seen that

spanwise Fourier modes higher than 3 have small, and therefore insignificant, contribution to

the total energy. Note that there are 71 spanwise Fourier modes; symmetric pairs of 35 modes

plus the zeroth Fourier mode. Therefore, the first spanwise Fourier mode (k = 1) and the last

spanwise Fourier mode (k = 71) are identical and so forth. In figure 3, we do not show the

symmetric part.

As mentioned earlier, it is difficult to see any Reynolds number dependency in our results

presented so far. Integration over frequency smooths out some of the difference which we might

have expected to see. Therefore the distribution of eigenvalues for these two cases are very

close to each other with no apparent dependence on the Reynolds number. Common features

of these figures can be listed as: (i) Most of the energy is found at spanwise Fourier mode-0

and mode-1, (ii) Spanwise Fourier mode-1 is slightly larger than spanwise Fourier mode-0 at

both Reynolds numbers.
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FIG. 5. Eigenspectra, λ(n)(k, f), of the first 2 spanwise Fourier modes (k=0 and 1) for different POD

modes, k, and frequencies, f , at Reθ =9800.

C. Eigenspectra over the Spanwise Fourier Modes, k, and Frequency, f

The POD integral equation is solved for each spanwise Fourier mode (k) and frequency (f)

as in equation (6). The eigenvalues (or eigenspectra in this case) and eigenfunctions become

functions of both k and f . To illustrate the distribution of eigenvalues over the spanwise Fourier

modes and frequencies, and to highlight some of the frequency dependency of eigenspectra at

different Reynolds numbers, we present λ(n)(k, f) in figures 4 and 5 for the Reθ of 19 100 and

9800 respectively. In order to focus on the most energetic modes, the first two spanwise Fourier

modes (k = 0, 1) are displayed. The amount of energy carried by the spanwise Fourier modes

which are higher than k = 1 is very small compared to the first two spanwise Fourier modes,

and not presented here. The highest POD mode and frequency considered in these figures are

6 and 100 Hz, respectively. This is because the contributions of higher modes and frequencies

are not significant in terms of magnitude.

Figures 4 and 5 demonstrate that all eigenspectra peak at the near zero frequency. This phe-

nomenon is more pronounced for the first POD modes at both Reynolds numbers. We observe

a faster decay of energy for the low Reynolds number case. General features of the eigenspectra

are very similar for both Reynolds numbers. One should note that the eigenspectra shown in

17



k

fδ
/U

∞

(b)

0 1 2 3 4 5

10
−1

10
0

k

0 1 2 3 4 5

 

 

k

0 1 2 3 4 5

 

 

k

 

 

0 1 2 3 4 5

 

 

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

fδ
/U

∞
n=1

(a)

      

10
−1

10
0

n=2

      

 

 

n=3

      

 

 

n=4

      

 

 

FIG. 6. Pre-multiplied eigenspectra, fΛ(n)(k,f). (a) Reθ =19 100; (b) Reθ = 9800. Eigenvalues are

normalized by turbulence kinetic energy due to streamwise fluctuations within the domain.

figures 4 and 5 are not normalized by the total turbulence kinetic energy within the domain.

Therefore, eigenvalues from the high Reynolds number measurement are approximately double

those from the low Reynolds number measurement. This is expected, because the increase

in Reynolds numbers was achieved by increasing the tunnel speed, which caused an almost

directly proportional increase in rms velocities.

Figure 6 displays the pre-multiplied eigenspectra, normalized as described in equation (14),

for the most energy carrying eigenfunctions:
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Λ(n)(k, f) =
λ(n)(k, f)

N∑
n=1

M∑
k=1

∫ ∞
−∞

λ(n)(k, f)df

(14)

The frequency axes in figure 6 are normalized using the boundary layer thickness and the

freestream velocity. The normalized frequency (fδ/U∞) extends from 0.03 to 6 in low Reynolds

number case, and from 0.013 to 3 for high Reynolds number case. (Note that the corresponding

upper limits in dimensional frequencies are approximately 50 Hz and 100 Hz for low and high

Reynolds numbers, respectively.) Pre-multiplied eigenspectra, fΛ(n)(k, f), at both Reynolds

number show similar features. The peaks of the pre-multiplied eigenspectra in both cases are

found to be around fδ/U∞ of 0.1. The extent of the energy carrying modes in non-dimensional

frequency axes is also similar to each other. Likewise, large eigenspectral values representing

the modes carrying large amount of turbulence kinetic energy are bounded by the spanwise

Fourier mode number 4.

Figure 7 compares the first two POD modes of both Reynolds numbers shown in figure 6.

Contour lines of the pre-multiplied eigenspectra at both Reynolds numbers agree very well when

the outer scaling parameters, δ and U∞, are used to normalize the frequency axes. (Note that

we follow GC9739 in our choice of outer variable for the boundary layer.) On the other hand,

the agreement is completely lost when the inner scaling parameters are used for normalization,

see figure 8.

These results essentially agrees with previous finding of Liu et al.23 even though the flow in

their case was turbulent channel flow. Liu et al.23 showed that the Reynolds number similarity

of the eigenvalues of fully developed channel flow exists when the outer scaling parameters are

used in the outer layer. They further stated that “in the region outside the wall layer and in

the range of sequences where the wavelength is large compared to the wall layer viscous length

scale, both the eigenfunctions and the spectrum of eigenvalues when scaled by outer layer

variables are independent of the Reynolds number for sufficiently large Reynolds number”. In

addition, they also documented some similarity between the behavior of eigenvalues obtained

from channel flow measurements and boundary layer measurements. (Note that outer scaling

for the pipe or channel flows uses uτ and channel height or pipe radius, respectively, cf. Wosnik

et al40.) One difference which should be mentioned here is the fact that our analysis is based
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on an extended domain, from wall to freestream, whereas Liu et al.23 only focused on the outer

layer. The much lower Reynolds number of their experiments made such a partition of their

results necessary, since the outer flow was not of great enough extent to dominate as it does in

ours.

In order to understand why eigenspectra scale better with the outer scaling parameter, it

is useful to revisit how POD works and decomposes the domain, which is approximately δ × δ

on a plane perpendicular to the streamwise direction in our case. As a matter of fact, POD

finds modes of turbulence in the inhomogeneous coordinate direction with finite total energy,

and then sorts them according to their energy content. Figures 7 and 8 suggest that POD

modes carrying large amount of turbulence kinetic energy are physically large in the wall-

normal direction as well. This means that they have great portion of their physical size in the

outer part of the boundary layer. Blackwelder and Kovaszny41 showed that contribution of

the large scale eddies to turbulence kinetic energy was about 50% and that to the Reynolds

shear stress was approximately 80% in the outer layer. Similar findings are also documented

by Guala et al.42 for turbulent pipe flow. In a more recent study, Tutkun et al.30 carried out

extensive two-point correlation analysis and showed the strong correlation between near-wall

and outer layer. The Reynolds number similarity of the lower POD modes once scaled by the

outer flow parameters can therefore be attributed to the large and very large eddies connecting

the near-wall region and outer layer30,43.

D. Pre-multiplied Spectra

Large- and very large scale motions (LSM and VLSM) of wall-bounded turbulent flow have

recently received considerable attention by researchers27,30,42–46. The main interest is the cor-

relation between the size of scales and their contribution to the turbulence kinetic energy and

Reynolds shear stress, particularly in the outer layer. Pre-multiplied one-dimensional wavenum-

ber spectra are often studied to learn about the length scales associated with large eddies and

wall-normal positions where these large scale motions are observed. It is therefore useful to

compare the pre-multiplied normalized eigenspectra (figure 6) with the pre-multiplied velocity

spectra (figure 9). Note that figure 9 is reproduced from the pre-multiplied one-dimensional

wave number spectra of the streamwise velocity fluctuations presented in figure 2 of Tutkun et
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al.30. The wave-number spectra were originally obtained from the frequency spectra using the

Taylor’s frozen field hypothesis.

Figure 9 presents pre-multiplied velocity spectra, fS11(f)/u2
τ . Scaling of the frequency axis

of figure 9 is performed using outer scaling parameters which are also used in the eigenspectra

shown in figure 6. One should note that these parameters may not be the most appropriate

ones for the one-dimensional velocity spectra, however it is difficult to assign a true convection

velocity to eigenfunctions. Converting the frequency axes into a wavenumber axes, or wave-

length, by means of Taylor’s frozen field hypothesis is not easy in the absence of an accurately

defined convective velocity. Therefore, the data are presented in frequency domain.

Pre-multiplied velocity spectra in figure 9 show two regions where the turbulence kinetic

energy peaks: one near the wall, also corresponding to near-wall peak of turbulence kinetic

energy, and another one in the inertial layer. The near-wall peaks are at y+ of ∼ 10 and ∼ 15

for high and low Reynolds numbers respectively. The secondary peaks are observed between

y+ of 220 and 580 at Reθ of 19100 (corresponding to 0.03δ and 0.08δ) and y+ of 150 and 340 at

Reθ of 9800 (corresponding to 0.04δ and 0.09δ). Figure 6, by contrast, shows only one distinct

peak in the pre-multiplied eigenspectra. The peak of the eigenspectra appears approximately

at the same frequency where the secondary peak of the pre-multiplied velocity spectra appears.

The frequency of the outer peak of the pre-multiplied velocity spectra coincides with the

frequency of the peak of the eigenspectra. The other combinations such as using inner scaling for

pre-multiplied velocity spectra and outer scaling for pre-multiplied eigenspectra, or vice versa,

do not make the near-wall peak of the pre-multiplied velocity spectra overlap with the peak

of pre-multiplied eigenspectra. Even though the peaks of the pre-multiplied eigenspectra are

approximately at fδ/U∞ of 0.1 at both Reynolds numbers, normalized pre-multiplied velocity

spectra show the peaks between fδ/U∞ of 1.5 and 4 at the high Reynolds number and 0.9 and 3

at the low Reynolds number. The wavelength of the scales of motion in the streamwise direction

can be approximated by dividing the corresponding convection velocity by the frequency of

the scale (λ1 =Uc/f; where Uc denotes the convection velocity). Therefore, it seems that it is

impossible to have similar wavelengths for the peak of pre-multiplied eigenspectra and the near-

wall peak of pre-multiplied velocity spectra, unless the convection velocity of the large scales

captured by the POD eigenmodes is 30 times larger than the local mean velocities occurring
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function of frequency, normalized by boundary layer thickness (δ) and freestream velocity (U∞), and

Fourier mode, k. Solid black and dashed gray lines represent the high Reynolds number case and low

Reynolds number case respectively. For n=1, the contour values: (0.002 (outermost), 0.004, 0.006,

0.008, 0.010, 0.012, 0.014, 0.016 (innermost)). For n=2, the contour values: (0.001 (outermost), 0.002,

0.003, 0.004, 0.05, 0.006 (innermost))

near the wall at y+ of 10-20. This kind of large convection velocity indeed exceeds the freestream

velocity. Therefore, it can be concluded that the single peak seen in the eigenspectra and the

near-wall peak of the velocity spectra have different physical origins. Careful examination of the

pre-multiplied eigenspectra in comparison with the pre-multiplied velocity spectra suggests that

underlying reasoning for the peak of the eigenspectra and the secondary peak of the velocity

spectra is most likely the same.

The secondary peak of the pre-multiplied velocity spectra inside the inertial (or log) layer

has been clearly identified and discussed by many researchers27,30,43,46,47. The pre-multiplied

velocity spectra are essentially based on single-point statistics. Therefore, it actually does not

take the lateral and transverse extent of the scales into account, and puts more weight on scales

which are elongated in the streamwise direction. On the other hand, the POD, because of its

kernel which is the two-point correlations, considers the lateral and transverse extent of the

scales within the domain. In light of these, the results presented so far suggest that the scales
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creating the secondary peak of pre-multiplied velocity spectra are large and coherent in both

wall-normal and spanwise directions. These scales also contain more energy when compared

to the scales responsible for the near-wall peak. It should however be noted that this can only

be observed at large enough Reynolds numbers which ensure a separation of scales. A low

Reynolds number leads to absence of a clear inertial layer, and large scale energetic motions of

the outer layer will be strongly felt near the wall. This shifts the location of the single peak of

pre-multiplied eigenspectra toward the near-wall peak of pre-multiplied velocity spectra.

Figure 10 displays the pre-multiplied spectra with respect to wall-normal position and fre-

quency axes scaled with the wall-normal position (y) and the friction velocity (uτ ). In this

case both inner and outer peaks of the pre-multiplied velocity spectra are at fy/uτ ∼ 0.1. As

a matter of fact, one cannot use ratio of y/uτ to normalize the frequency axes of eigenspectra

because each eigenvalue is defined across the domain. This scaling presumes that the size of

the eddies is proportional to the location of the eddies with respect to the wall, i.e., the basis
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FIG. 9. Pre-multiplied spectra fS11(f)/u2
τ as a function of frequency, f, normalized by boundary layer

thickness, δ, and freestream velocity, U∞: (a) Reθ of 19 800, (b) Reθ of 9800.

of the Townsend’s attached eddy hypothesis48. This explains why we observe a single peak in

the pre-multiplied eigenspectra at the frequencies where we also observe the secondary peak

of the pre-multiplied velocity spectra. If the turbulent boundary layer is a hierarchy of eddies

at different size from wall to the freestream, e.g., figure 15 of Adrian47, the near-wall region

will have the contributions of both small, large and very large scales of motion. Therefore,

the peak of turbulence kinetic energy due to streamwise velocity fluctuations around y+ of

10-15 has contributions from all of these scales. Most of the physical size of the large and very

large eddies, however, are actually in the outer layer. This was exactly the point of GC9739

who inferred the outer effect on the inner flow from the two-point correlations documented by

Blackwelder and Kaplan49. Since the two-point information is built into the kernel of the POD,

it is links between the different layers of the turbulent boundary layer.

E. Velocity Profiles

The reconstructed velocity field, formulated in section IV B, provides further support to

these ideas. Using the POD eigenmodes, it is possible to reconstruct the global velocity field.
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FIG. 10. Pre-multiplied spectra fS11(f)/u2
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position, y, and friction velocity, uτ : (a) Reθ of 19 800, (b) Reθ of 9800.

The velocity field can also be reconstructed using selected modes, in particular the most im-

portant ones. This is achieved by setting the random coefficients of the excluded modes to zero

while reconstructing the velocity field. Equation (11) produces the instantaneously fluctuating

velocity field, since the back-projection is performed over the fluctuating velocity field itself.

Then, turbulence statistics based on the reconstructed velocity signals can be studied.

Figure 11 shows the reconstructed rms velocity profiles across the turbulent boundary layer

at both Reynolds numbers tested in this study. The solid lines in these figures present the

measurements of Carlier and Stanislas33, which were also measured using the same wind tunnel

at approximately the same Reynolds numbers. Since the main interest here is to look at the

behavior of energetic fluctuations in a statistical sense, first a reconstruction of global velocity

field has been performed using only the most energey carrying modes. The profiles created by

the energetic large scale modes are denoted by the circles. The modes included in reconstruction

shown by the circles are the first 4 POD modes, spanwise Fourier modes 0, 1, 2, 3 and their

symmetric pairs, and frequencies up to 100 Hz in the high Reynolds number case, and up to

50 Hz in the low Reynolds number case.
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Reconstruction in this way recovers 62% of the turbulence kinetic energy in high Reynolds

number case, but only 0.024% of total number of modes which can be extracted from the

domain. This energetic reconstruction enables a tremendous reduction when total number of

degrees of freedom is concerned. The profiles formed by triangles denote the rms of streamwise

velocity fluctuations obtained from the non-energetic reconstruction of the remaining 99.976%

of the total number of modes; i.e. those that were discarded from the initial reconstruction.

In the same figure, we also included the profile of the full reconstruction using every mode

extracted from the field. The full reconstruction is presented by the squares and matches

the data of Carlier and Stanislas33 perfectly. (One should note that if one adds rms profile

obtained from partial reconstructions using both energetic and non-energetic, e.g., circles plus

triangles, the summation is always larger than the rms obtained from the full reconstruction.

The correct way is to add reconstructed instantaneous velocity signals both from the energetic

and non-energetic reconstructions first, and then to compute the statistics afterward.)

The rms profiles produced by the energetic modes representing the large scales and those

by the scales with small to negligible amount of energy have some distinct features. For the

Reθ = 19100 case, reconstruction of the energetic modes reveal the following: (i) the rms profile

from y+ of 20 to 50 shows an exponential decay, (ii) from y+ of 50 to top of the inertial layer,

the rms of the velocity fluctuations is constant, (iii) the constant layer within the inertial layer

is followed by another exponential decay (with a different slope this time). On the other hand,

the reconstruction using the less energetic modes at this high Reynolds number shows: (i) an

exponential decay of turbulence kinetic energy after the peak of total turbulence kinetic energy

until the top of the logarithmic layer, i.e., 20 . y+ . 450; and (ii) a constant layer of energy

after the inertial layer, for y+ & 900. In addition, the slopes of the decay of turbulence kinetic

energy due to energetic part below y+ of 50 and that due to non-energetic part between y+ of

20 to top of the logarithmic layer are approximately the same.

A similar analysis for the Reθ = 9800 measurement clearly shows the low Reynolds number

effects. Since the physical distances between the wall and the probes of the hot-wire rake are

fixed, the first row of hot-wire probes for the low Reynolds number case measured closer to the

wall in wall-units. Therefore, we observe the effect of viscosity and the boundary conditions

imposed by the wall when y+ . 15. This effect is indeed present in both energetic and non-
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FIG. 11. Comparison of rms velocity profiles of velocity obtained from full and partial reconstructions.

Black color presents the high Reynolds number case (Reθ = 19 100), and gray color presents the low

Reynolds number case (Reθ = 9800). Lines present the data of33; Circles denote rms profile of

reconstructed global velocity field using first 4 POD modes (n= 1, 2, 3, 4), first 4 spanwise Fourier

modes and their symmetric pairs (k= 0,±1,±2,±3), and frequencies up to 100 Hz at Reθ = 19 100

case and 50 Hz at Reθ = 9800 case. Triangles present the profiles obtained from the reconstruction

based on all of the modes and frequencies except the ones presented by the circles. Squares represent

the full reconstruction using every mode and frequency.

energetic reconstructions. The rms profile based on the energetic reconstruction at Reθ = 9800

shows: (i) an exponential decay of turbulence kinetic energy between y+ of 25 and 114, (ii) a

constant layer between y+ of 114 and 465, (iii) an exponential decay between y+ of 465 and

2800. The non-energetic construction in this case shows: (i) the exponential decay of turbulence

kinetic energy at 25 . y+ . 230 and (ii) a constant layer in the outer layer where y+ & 900.

In order to facilitate a better comparison between the results obtained at two different

Reynolds numbers, the effect of utilizing different scaling parameters, both inner and outer,

are also studied. Figures 11(a) and 11(b) present outer scaled profiles and inner scaled profiles,

respectively. As known widely, the inner scaling produces a better collapse in the near wall
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region, whereas the outer scaling (of GC9739) results in a better agreement in the outer part

of the boundary layer. This can be easily seen in the measurement of Carlier and Stanislas33.

Statistics on the partial reconstructions shown in figure 11, on the other hand, reveal a different

picture as detailed below.

We observe an overlap of the profiles of the energetic reconstructions at both Reynolds

number in inertial layer whose extent is smaller for the low Reynolds number case due to well-

known low Reynolds number effects. The profiles obtained from the energetic reconstruction

do not produce an overlap in the near wall region at all. This can be attributed to the size

and energy of the scales used in the reconstruction and their dependence on the boundary

conditions. On the other hand, the rms outputs of these two different reconstructions have

approximately the same slopes below the inertial layer. This means that the way the wall and

the energetic/non-energetic parts of the turbulence interact is quite similar.

As a matter of the fact, one sees very good collapse of the velocity profiles near the wall

when two profiles obtained by the non-energetic reconstruction are compared using the inner

scaling parameters, e.g., see figure 11(b). This is perhaps due to the fact that the small

scale fluctuations, which are not energetic in this framework, are more affected by the wall.

However, figure 11(b) reveals that the inner scaling does not actually do a good job from wall

to y+ ∼ 900. The only place where the inner scaling indicated a reasonable agreement when

both non-energetic reconstructions are combined is the outer part of the boundary layer, i.e.,

y+ & 900. This is somewhat surprising because scaling based on inner (or wall) parameters

works very well on the non-energetic part in the region where the wall is thought to be not

important at all. One may, then, conclude that the wall scaling parameters are actually not the

most relevant in this case. This especially makes sense if the boundary layer is indeed driven and

controlled by the energetic large scale structures of the outer layer, which is actually suggested

by the pre-multiplied spectra shown earlier in present paper. One should also note that outer

scaling performs much better for non-energetic reconstruction when y+ & 900.

Figure 11(a) shows the outer scaled profiles. The energetic reconstructions in this case

collapse very well in the inertial layer (the flat region), which is one of the common features

observed in both inner and outer scaling. The outer scaling does not yield a collapse of profiles

from wall to beginning of the constant layer, which corresponds to beginning of the inertial layer.
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The energetic reconstruction scaled using outer parameters agrees very well in the outer layer.

On the other hand, the outer scaling produces very good collapse of the non-energetic turbulence

from the top of the boundary layer down to the wall-normal location where the viscosity takes

over and dominates everything. This indicates that the small scale, non-energetic, turbulence

away from the wall does not depend on the presence of the wall.

The results presented in preceding pages revealed that the large scale energetic turbulence

inside the boundary layer scales with the outer layer parameters. This means that the small

scale, non-energetic turbulence is controlled by the large scale energetic turbulence. Otherwise,

we would not observe a good collapse of the small scale turbulence when the profiles are scaled

with the outer parameters. This essentially agrees with a recent paper by Mathis et al50 where

they documented modulation of small scales by the large-scales of outer layer in a turbulent

boundary layer study and showed the strong interaction between large scale log-layer motions

and small scale near-wall motions.

Another important finding in figure 11 is the behavior of the layer of constant rms of velocity

fluctuations at two different Reynolds numbers. As the Reynolds number increases, the constant

layer widens in both directions and propagates toward the wall. This is perhaps due to the fact

that the viscosity dominated part of the turbulent boundary layer gets thinner as the Reynolds

number increases. Therefore, the large and energy carrying scales which populate significantly

the inertial and outer layers find more space to occupy without feeling the presence of solid

wall. For the low Reynolds number case, the scale separation between the large and small

scale turbulence is very small. This is evidenced by the very short constant layer of rms profile

shown in figure 11. These findings clearly prove the early statement of GC9739 which essentially

suggested that a proper inertial layer begins to emerge at Reθ ≈ 10 000.

VI. SUMMARY AND CONCLUSIONS

In this paper, experimental utilization of the proper orthogonal decomposition for the high

Reynolds number flat plate turbulent boundary layer is studied. The data was obtained in

the large LML wind tunnel, The boundary layer thickness was approximately 30 cm in the

end of 21.6 m long test section. The streamwise component of the turbulent boundary layer

velocity field was measured using a hot-wire rake of 143 probes. The array of probes enabled
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simultaneous sampling and therefore computing the cross-spectral tensor which formed the

kernel of the Lumley integral equation.

The normalized eigenvalue distribution shows that the first POD mode integrated over fre-

quency and azimuthal mode number has more than 40% of the turbulence kinetic energy, while

the second one has about 20% of the total turbulence kinetic energy. It is possible to recover

about 90% of the kinetic energy only using the first four POD modes. Similar figures are ob-

tained at both Reynolds number with no significant indication of Reynolds number dependence.

The eigenspectra always peak near zero frequency and most of the large scale features are

found below 100 Hz and 50 Hz for the high and low Reynolds number cases studied here

respectively. This could be the effect of aliasing from the missing dimension as suggested by

George2. The results indicate that it might be possible to scale the eigenspectra especially in

the inertial range of turbulence similar to the similarity of the eigenfunctions and eigenspectra

within the outer layer of turbulent wall flow. The kinetic energy distribution is maximum at

spanwise Fourier mode-1, while there is a slight difference between spanwise Fourier mode-0

and-1. The normalized eigenvalue distribution obtained from two different Reynolds numbers

have almost the same distribution and features.

The pre-multiplied eigenspectra are produced in a similar fashion as the pre-multiplied ve-

locity spectra. Instead of wave-number spectra, frequency domain spectra were used because of

difficulty in assigning a true convective velocity. The pre-multiplied eigenspectra have only one

peak whereas the pre-multiplied velocity spectra have two peaks; one in the near-wall region and

another one in the log-layer. The comparison between the pre-multiplied velocity spectra and

the pre-multiplied eigenspectra shows that frequency of the peak of pre-multiplied eigenspectra

coincides with frequency of the secondary peak observed in the pre-multiplied velocity spectra.

This means that the large scale modes of turbulent boundary layer are indeed connected to the

physical mechanisms causing the secondary peak of the pre-multiplied velocity spectrum. In

support of this, tests of inner and outer scaling of pre-multiplied eigenspectra at both Reynolds

numbers suggested the outer scaling parameters outperform the inner scaling parameters. One

should always note that the near-wall peak in turbulence kinetic energy is confined to a very

small area, only a few percent of δ, as we consider the entire turbulent boundary layer. In

fact, 90% of the boundary layer is outer flow. Even though the magnitude of local turbulence
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kinetic energy is large near the wall, its net contribution to the total turbulence kinetic energy

is small. It is therefore not surprising to see only one peak in pre-multiplied eigenspectra away

from the near-wall region.

Reconstructed velocities were studied to see the effect of energetic and non-energetic modes

of the POD on the turbulence statistics. At both Reynolds numbers, the rms profiles based on

energetic reconstruction (with modes carrying significant amount of energy) and that based on

non-energetic reconstruction (with modes carrying very small amount energy, and essentially

the modes which are not considered energetic) indicate three distinct behaviors of the fluctu-

ating velocities across the boundary layer. The higher Reynolds number case produces better

defined layers due to absence of low Reynolds number and viscosity effects. The reconstructed

rms based only on the energetic part of the modes decays exponentially between the log-layer

and the wall, stays approximately constant through the log-layer, then decays exponentially

after the log-layer. On the other hand, the non-energetic reconstruction shows that urms decays

exponentially from wall to the top of the log-layer and stays flat at its minimum once the

log-layer is over. Similar pictures are also seen in lower Reynolds number test, but this time

the effect of viscosity and Reynolds number effects are observed. This is because the probe

locations are fixed in both cases, while the wall unit is doubled in the low Reynolds number

case. The outer scaling seems performs much better for both energetic and non-energetic re-

constructed statistics which suggests that small scale motions right outside the inner sublayer

are strongly influenced by the large scale outer layer motions.

These findings supports earlier findings of Tutkun et al30, in which authors showed the strong

connection between the near-wall region and outer layer by studying the two-point correlations

of the same data. Amplitude modulation of small-scale motions near the wall by the large

scale motions of outer layer has previously been documented for both turbulent boundary layer

flow and turbulent channel flow50. The statistics of reconstructed turbulence based on our

POD results indicate that large energy carrying POD modes strongly influence the small-scale,

non-energetic, fluctuations, not only in near-wall region but also throughout the boundary

layer.
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Appendix A: POD Analysis Procedure and Numerical Implementation

The POD integral equation given by Eq. (6) can be solved numerically by approximating

the integral using the trapezoidal rule:

∫
y′
f(y′)dy′ ≈

N∑
i=1

fi∆y
′
i (A1)

where fi and ∆yi represent the values of the function f at the grid points (or measurement points

in this case) and value of the integrand around these grid points respectively. Justification of

using the trapezoidal rule in computing the POD integral equation is detailed by Moin and

Moser16. The numerically discretized form of the POD integral equation, Eq. (6), results in an

eigenvalue problem, which can be written as follows:

Aφ(n) = λ(n)φ(n) (A2)

Solution to the eigenvalue problem given by Eq. (A2) is easy to obtain using a standard

numerical eigenvalue solver if the kernel, A, is Hermitian symmetric. Because of the logarith-

mic stretching of the probes along the wall-normal direction, the A in this experiment is not

Hermitian symmetric as shown below:

A =


S1,1(y1, y

′
1; k; f) S1,1(y1, y

′
2; k; f) · · · S1,1(y1, y

′
N ; k; f)

S1,1(y2, y
′
1; k; f) S1,1(y2, y

′
2; k; f) · · · S1,1(y2, y

′
N ; k; f)

...
...

. . .
...

S1,1(yN , y
′
1; k; f) S1,1(yN , y

′
2; k; f) . . . S1,1(yN , y

′
N ; k; f)




∆y′1 0 0 0

0 ∆y′2 0 0
...

...
. . .

...

0 0 0 ∆y′N

 (A3)

where the first matrix is the two-point cross-spectral tensor and the second matrix is the

diagonal matrix with the integrands. The remedy to make the kernel Hermitian symmetric is

to rearrange Eq. (A2) and multiply both sides of it with the diagonal matrix of square-roots

of the integrands:

wSw︸ ︷︷ ︸
H

wφ(n)︸ ︷︷ ︸
ψ(n)

= λ(n) wφ(n)︸ ︷︷ ︸
ψ(n)

⇒ Hψ(n) = λ(n)ψ(n) (A4)
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where w, S and φ(n) are:

w =



√
∆y′1 0 0 0

0
√

∆y′2 0 0
...

...
. . .

...

0 0 0
√

∆y′N

 =



√
∆y1 0 0 0

0
√

∆y2 0 0
...

...
. . .

...

0 0 0
√

∆yN

 (A5)

S =


S1,1(y1, y

′
1; k; f) S1,1(y1, y

′
2; k; f) · · · S1,1(y1, y

′
N ; k; f)

S1,1(y2, y
′
1; k; f) S1,1(y2, y

′
2; k; f) · · · S1,1(y2, y

′
N ; k; f)

...
...

. . .
...

S1,1(yN , y
′
1; k; f) S1,1(yN , y

′
2; k; f) . . . S1,1(yN , y

′
N ; k; f)

 (A6)

φ(n) =


φ(n)(y′1; k; f)

φ(n)(y′2; k; f)
...

φ(n)(y′N ; k; f)

 =


φ(n)(y1; k; f)

φ(n)(y2; k; f)
...

φ(n)(yN ; k; f)

 (A7)

The solution to Eq. (A4) does not produce the correct eigenfunctions because of multiplica-

tion of both sides of Eq. (A2) by w. Therefore, the eigenfunctions, ψ, which will be obtained

from the solutions are:

ψ(n) =



√
∆y′1 0 0 0

0
√

∆y′2 0 0
...

...
. . .

...

0 0 0
√

∆y′N




φ(n)(y′1; k; f)

φ(n)(y′2; k; f)
...

φ(n)(y′N ; k; f)

 (A8)

The correct eigenfunctions can be found by multiplying the solutions with the inverse of the

diagonal matrix formed by the square-root of the integrand elements:

φ(n) =


φ(n)(y1; k; f)

φ(n)(y2; k; f)
...

φ(n)(yN ; k; f)

 =



√
∆y1 0 0 0

0
√

∆y2 0 0
...

...
. . .

...

0 0 0
√

∆yN



−1 
ψ(n)(y1; k; f)

ψ(n)(y2; k; f)
...

ψ(n)(yN ; k; f)

 (A9)

The number of eigenfunctions and eigenvalues depends on the size of the kernel which is

the two-point cross-spectral tensor. The kernel is a square matrix of (M×N)×(M×N), where
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M is the number of velocity components included in the analysis and N is the number of

grids, or measurement locations within the field of interest10,17. In our experiments, we had 11

probes in the wall-normal direction, y, spaced logarithmically and only the streamwise velocity

component of turbulent velocities was measured. Therefore, the size of the the kernel is 11×11

for each pair of spanwise Fourier mode, k, and frequency, f . Thus, the maximum number of

POD modes which can be extracted from the current setting is 11 for each k and f .
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